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OQPGRTSVU�WTXYUZX[RTS�\�SN\�]_^�XYP,`:WTS_WQabSV`:c�]dXYWTe_^�SfR:g�hji[k>Pl`nm
opXYhbS_P,`

n
S_`
q
\�S_grqsS_P,`:hbS_WTR�R:`:W:hbt_`TS_^�S_P,`�UZX[R:hj`:hvuwRx`TS_abRxylg�S

n > q zopXYhbS_P,`
f
S_`

(g1, . . . ,gq)
\�SdR	u{XYP�t_`:hbXYP�R�\�S

R
n
\�k>P�R

R
\�S�t_a|kYRTRTS

C1 S_`$abSNU�WTXY}�abe_^�S�\�~�XYU�`:hj^�hbR�k>`:hbXYPRTXYg�R�tdXYPl`:W�k>hjPl`TSdRF]_�lk>ajhj`T]�R:g�hji[k>Pl`nm
(PΩ) min

x∈Ω
f(x)

k*i�Sdt
Ω = {x ∈ R

n : gi(x) = 0 , 1 6 i 6 q}

OQP(P�XY`TS
Dx̂(Ω)

a�~�S_P�R�S_^�}�abSV\�SdR�\rhjWTSdt_`:hbXYP�R$kY\r^�hbRTRThj}�abSdR�S_P
x̂ ∈ Ω z OQP(R:g�U�UZX[RTSQylg�SQabSdR�tdXYP,`:W�k>hjPl`TSdRRTXYP,`�y,g�k>ajhv��]dSdRxS_P

x̂ ∈ Ω z��� XYP�\rhj`:hbXYP�P�]dtdSdRTR�k>hjWTS�\�~�XYU�`:hj^<k>ajhj`T]�\rgGU�WTS_^�hbS_W�XYWT\rWTS m
o,h
x̂
SdR:`�g�P�SVRTXYajg�`:hbXYPJ\�S

(PΩ)
k>abXYWTR�hja�S�qrhbR:`TS

λ̂ = (λ̂1, . . . ,λ̂q)
T ∈ R

q
`TS_a�y,g�S ∂L

∂x
(x̂,λ̂) = 0 z� SVU�ajg�R&�

λ̂
SdR:`$g�P�hby,g�S�R:h�abSdR�tdXYPl`:W�k>hjPl`TSdRFRTXYP,`xWT]_�[g�ajhbe_WTSdRQS_P

x̂ z��� XYP�\rhj`:hbXYP�R:gr�<R�k>P,`TS�\�~�XYU�`:hj^<k>ajhj`T]�\rg�RTSdtdXYP�\GXYWT\rWTS m
o�~ hja�S�qrhbR:`TS

λ̂ ∈ R
q
`TS_a�y,g�S ∂L

∂x
(x̂,λ̂) = 0

S_`�R:h
vT ∂

2L

∂x2
(x̂,λ̂) v > 0

UZXYg�W�`TXYg�`
v ∈ Dx̂(Ω)\{0}k>abXYWTR

x̂
SdR:`$g�P�SNR�XYajg�`:hbXYP�R:`:W:hbt_`TS�\�S

(PΩ) z
� ���x�f���������x�������¡ �¢�¢�£x�T¤� ¥�s¦��$§f����¨©£xª������¥�f«�§f¤Z 6¨©�T ¬¤�$¤Z��¤Z ¯®&°²±�³�´:µx¶:·*¸

opXYhj`
x̂
g�P�S�RTXYajg�`:hbXYP�\�S

(PΩ) z
¹ zFº�»Y¼�¼�½�¾N¿jÀ�Á,ÂÄÃ6¼�ÅwÆwÅw»[¼ÇÁYÈG¿jÀ*ÉY¾:ÀY¼,É[Å{½�¼ L : R

n × R
q −→ R Ê�Ë�ÌIÍ�ÎVÏr»[ÅÐ¼�ÆÒÑÓ zFº�»Y¼�¼�½�¾N¿jÀ�Á,ÂÄÃ6¼�ÅwÆwÅw»[¼ÇÁl½�¿jÀ�¾TÂ{ÉYÈp¿vÀ[¾ÔÅwÆÕÂ�Ál½ÔÖf×�»Y¼�Æw¾:ÀYÅÐ¼�ÆÕ½ÔÖ�½�¼ x̂ Ê�ËØÌ>Í{ÎNÏr»YÅÄ¼�ÆÒÑÙ zFº�»Y¼�¼�½�¾N¿jÀ�Á,ÂÄÃ6¼�ÅwÆwÅw»[¼ÇÁÚ È,¼Z½fÁ[ÅÐ¾T½:×dÆwÅ{»Y¼2À�ÁYÛ�ÅÐÖ�ÖÔÅ�Ü�¿b½ v ∈ Dx̂(Ω) ½_¼ x̂ ∈ Ω Ê�ËØÌIÍ�ÎVÏ�»YÅÐ¼�ÆÒÑÝ z OQPGW�k>U�U�S_ajabS�ylg�SVabSdRxtdXYP,`:W�k>hjPl`TSdRVRTXYP,`xylg�k>ajhv��]dSdRQS_P x̂ ∈ Ω

R:h��rU�k>Wx\�]���P�hj`:hbXYP�m
Dx̂(Ω) = Ker

(

∂g

∂x
(x̂)

) XYÞ
g :

R
n −→ R

q

x 7−→ [g1(x), . . . ,gq(x)]
T z

ºf½ÔÖ�Ál½�È[ßGÅÄ¼�×_¿ÒÈ,ÖÔÅ{»Y¼�Ö�Ö�È,ÅÄàIÀY¼�ÆÕ½ÔÖ�Íxá_È6Ú »Y¼â¼�½�Ál½_Û�À[¼�Ál½QÏ�À>Ö�Ál½<ÁlÂ�Û�»Y¼�Æw¾T½�¾ÔÍ�á_È�½_¿Ð¿b½<½ÔÖ_Æ�×�½�¿Ä¿b½<á_ÈpÅ
Ï�½�¾�Û�½dÆ�Ál½�ÁlÂ_Û�»[¼�Æw¾:½_¾�¿b½�ÆÄãrÂT»Y¾:ä_Û�½<Â�¼�»Y¼�×ÔÂ�Á�ÀY¼�ÖN¿TÚ ½�¼�åæÆÕç_ÆÕ½(ËØ½TßÔÏ�¿ÒÅwá_È�½�¾�Ü�¾ÔÅ�ä�à>½_Û�½_¼�ÆÒÑ�è
Dx̂(Ω) ⊂ Ker

(

∂g

∂x
(x̂)

)

»YÈ Ker
(

∂g

∂x
(x̂)

)

⊂ Dx̂(Ω) é�ËØêVÏr»YÅÄ¼�ÆÒÑ
ë z opXYhbS_Pl` ϕ g�P�S�u{XYP�t_`:hbXYP�\�S R+

\�k>P�R
R

n
\�S�t_a|kYRTRTS

C1 `TS_ajabS�y,g�S ϕ(0) = x̂
S_`
ϕ(t) ∈ Ω

U�XYg�W
`TXYg�`

t > 0
UZS_`:hj`*��S_`

ψ
g�P�SVuwXYP�t_`:hbXYP�\�S

R+
\�k>P�R

R
\�SNt_a|kYR�RTS

C1 \�]���P�hbS�U�k>W ψ = f ◦ ϕ z
ºfÂ�Û�»Y¼�Æw¾:½�¾�á_È�½ ψ′(0) = 0 Ê�Ë�ÌIÍ�ÎVÏr»[ÅÐ¼�ÆÒÑ

¹



� z���¼ Á,Â:ÁYÈpÅÐ¾T½�á_È�½ ∂f
∂x

(x̂) ∈

(

Ker

(

∂g

∂x
(x̂)

))⊥ Í�×�Ú ½ÔÖ�Æwå��YåØÁYÅÄ¾T½�á_È�½ è

∀ v ∈ Ker

(

∂g

∂x
(x̂)

)

,
∂f

∂x
(x̂) · v = 0 ËØêIÍ�ÎVÏ�»YÅÐ¼�ÆÄÖÕÑ

� z OQPGW�k>U�U�S_ajabS�abSV`:c�]dXYWTe_^�S�\�~ k>aj��e_}�WTS�ajhjP�]*k>hjWTS�R:g�hjiYk>P,`nmo,h
M

SdR:`$g�P�S�^<k>`:W:hbtdS�\�S
R

q×n
k>abXYWTR

(Ker(M))⊥ = Im
(

MT
) z

ºfÂ:Á[È,ÅÄ¾:½�Ál½�Ö�ádÈ�½ÔÖ_ÆwÅw»[¼�ÖFÏ�¾:ÂT×�Â:Ál½�¼�ÆÕ½ÔÖsá_È6Ú ÅÐ¿�½:ßYÅÐÖ�ÆÕ½ λ̂ ∈ R
q ÆÕ½�¿6á_È�½ ∂L

∂x
(x̂,λ̂) = 0 ½_ÆQá_È�½ λ̂ ½ÔÖ�Æ

È,¼�Å{á_È�½�ÖÔÅ�¿b½ÔÖf×T»Y¼�Æw¾:ÀYÅÄ¼�ÆÕ½ÔÖNÖd»Y¼�Æ6¾TÂ{ÉYÈp¿ÒÅ{ä�¾T½ÔÖ<½�¼ x̂ Ê�ËØÌIÍ�ÎNÏr»YÅÄ¼�ÆÒÑ
� ���x�f���������x��¢�«�� ¢�£x�Q�� ¥��¦Õ�$§�����¨©£xªT����� ��«�¢� ��¡���f� �x¤��f¤� ¯®I° ±�³�´:µ$¶T·d¸

OQP R:g�U�UZX[RTSsy,gn~ hja	S�qrhbR:`TS
λ̂ ∈ R

q
`TS_axylg�S ∂L

∂x
(x̂,λ̂) = 0

S_`�y,g�S
vT ∂

2L

∂x2
(x̂,λ̂) v > 0

UZXYg�W�`TXYg�`
v ∈ Dx̂(Ω) \ {0} z OQP2RTS�U�WTXYUZX[RTS�\�S�\�]_^�XYP,`:WTS_W�U�k>W�tdXYPl`:W�k>UZX[RT]dS(ylg�S x̂ SdR:`Ng�P�S<RTXYajg�`:hbXYP2abXpt*k>abSR:`:W:hbt_`TSN\�S

(P ) z
¹ z OQP�R:g�U�UZX[RTSNylg�S x̂ Pn~�SdR:`$U�kYRxg�P�SNRTXYajg�`:hbXYP�abX,t*k>abS�RT`:W:hbt_`TS�\�S (P ) z	 »Y¼�Ö�Æw¾�ÈpÅÐ¾T½ Èp¼�½ ÖÔÈpÅÄÆÕ½ (yk)k∈N∗ ÁÚ Â�¿jÂ_Û�½_¼�ÆÄÖ!Ál½ Ω á_ÈpÅ ×T»Y¼�àY½�¾wÉ,½ à>½�¾ÔÖ x̂ ½_Æ ÆÕ½�¿Ä¿j½ á_È�½
f (yk) 6 f(x̂) Ï�»YÈ,¾fÆ�»YÈpÆ k > 1 Ê	Ë�ÌIÍ{ÎNÏr»YÅÄ¼�ÆÒÑÓ z opXYhj`xa|k�R:g�hj`TS (vk)k∈N∗

\�]���P�hbS�U�k>Wnm

∀ k ∈ N
∗ , vk =

yk − x̂

‖yk − x̂‖

ºfÂ�Û�»Y¼�Æw¾:½�¾$á_È6Ú »[¼VÏ�½�ÈrÆ½:ß[Æw¾:ÀYÅÄ¾:½�Ál½�¿jÀQÖÔÈpÅÄÆÕ½ (vk)k∈N∗ Èp¼�½�Öd»YÈlÖ�å�Ö�È,ÅwÆÕ½ (

vγ(k)

)

k∈N∗
á_È,Å�×T»Y¼�à>½�¾{Él½

à>½�¾ÔÖ�È,¼ à>½:×*ÆÕ½�È,¾ v∞ ∈ Ker

(

∂g

∂x
(x̂)

)

\ {0} Ê	Ë�
�Ïr»[ÅÐ¼�ÆÄÖæÑ
� ¼�ÁYÅ{×TÀ[ÆwÅ{»Y¼FèVÀÔÏ�Ï�¿ Å{á_È�½�¾�¿b½�ÆÄãrÂ:»Y¾Tä�Û<½ Ál½��À��>¿j»Y¾��C¿TÚ »Y¾:ÁY¾T½4ê�Ï�»YÈ,¾�¿vÀ��d»Y¼�×dÆwÅ{»Y¼ g ÀYÈ[ßGÏr»YÅÄ¼�ÆÄÖ
yγ(k) , k > 1 ÊÙ z���¼�ÀÔÏ�Ï�¿ Å{á_È�ÀY¼�Æ�¿b½�ÆÄã�Â:»Y¾Tä�Û<½�Ál½��À��>¿j»Y¾���¿TÚ »[¾�ÁY¾T½�
VÏr»YÈp¾N¿j½�Ö��d»Y¼�×dÆwÅ{»Y¼�Ö f ½dÆ g Í�ÁlÂ�Û�»Y¼�Æw¾T½�¾�á_È�½
vT
∞

∂2L

∂x2
(x̂,λ̂) v∞ 6 0 Ê	Ë�
�Ï�»YÅÐ¼�ÆÄÖÕÑ

Ý zFºfÂ:Á[È,ÅÄ¾:½FÁl½�ÖxádÈ�½ÔÖ_ÆwÅw»[¼�Ö Ï�¾:ÂT×�Â:Ál½�¼�ÆÕ½ÔÖVá_È�½ ∂2L

∂x2
(x̂,λ̂) ¼ZÚ ½ÔÖ_ÆpÏrÀ>Ö�ÁlÂÄÃ�¼�Å{½ Ïr»>Ö�ÅÄÆwÅÄà>½$ÖÔÈp¾ Dx̂(Ω)\{0} Ê

ËØÌIÍ�ÎVÏ�»YÅÐ¼�ÆÒÑ

Ó
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QNRTSJU7VXW�Y�Z*[\R�]^S_ZX`bac]^SbR�RTSed�S7f
fASbacghfASbi�j^S
n
d�S7fcgc]kR�Z*gc]^VXRTf�lmQNRTSJd�Sbiono]^pbW�SeU7VXW�Y�Z*[\R�]^S_ZX`bac]^SbR�RTS

fAVXi�q�Z*]kgAS�f�r ]kRTf
`baASba�fci�a�U7S<WJZ*aAUAqT`\stU\ruS7fcgwvyx,vzdo]kaAS�{!i|ruSbjkj^SP}~Sbi�g�d�S7fAfASbac}�]kaMj^S7fMW��bW�S7f�d�S7fcgc]kR�Z*gc]^VXRTfN{�iTS
j�ZOY�aASbW�]^pbaAS�U7VXW�Y�Z*[\R�]^S�ZX`bac]^SbR�RTS\l(�(ruVX�o�cS7Ubgc]��Pd�S�U7S_Y�aAVX��j^pbW�S�S7fcg�d�S�d�`bgASbacW�]kRTSba�j^S7f�Y�ac]�n�d�S�j�Z
RTVXi�}~Sbjkj^S�U7VXW�Y�Z*[\R�]^SNfci�a=UAq�ZX{!iTS�d�S7fcgc]kR�Z*gc]^VXR_Z,�TRJd�SMWJZ,no]kW�]^fASba=fAVXR���`bRT`���U7S\s�U7VXR�R�Z*]^f
f
Z*R�g(j^S7f=Y�ac]�n
Y�a
Z*gc]^{�iT`7f�Y�Z*a�j�r�Z*RTUb]^SbR�RTS�U7VXW�Y�Z*[\R�]^S\l

��Z�Y�aASbW�]^pbaASJY�Z*acgc]^SJ}!]^fASex_W�V!d�`bjk]^f
Sba�j�Z�d�SbWJZ*RTd�Sed�S7fhU7VXRTfAVXW�WJZ*gASbi�aAf�SbRE��]kjkj^SbgAfhd�SJU
q�ZX{�iTS
U7VXW�Y�Z*[\R�]^SNfAi�a�i�RTS�d�S7fcgc]kR�Z*gc]^VXRed�VXR�RT`7S\l!�PZ*RTf(j�ZPd�Sbiono]^pbW�SMY�Z*acgc]^S\s~j^S7f(Y�ac]�n�d�S�j�Z<RTVXi�}~Sbjkj^S�U7VXW�Y�Z,v
[\R�]^S<fASbaAVXR�g�d�`bgASbacW�]kRT`7fMSbRJ��VXRTUbgc]^VXR�doieRTVXWh��aASDWJZ,n�]kWJZ*j�d�SNY�ZXfAf
Z*[~Sba�{�iTS�j�Z�RTVXi�}~Sbjkj^S<U7VXW�Y�Z*[\R�]^S
Y�Sbi�gHZXU7U7SbY�gASba<��U7VXR!gca
Z*]kR�gASNj^VX[\]^fcgc]^{�iTSNd�SMj�ZPU7VXW�Y�Z*[\R�]^S/��l���Ro�TR|s~RTVXiTf5U7VXRTfc]^d�`baASbaAVXRTfHdTZ*RTf(i�RTSMgcaAVX]�v
fc]^pbW�S�Y�Z*acgc]^S�j^S7f<jk]kW�]kgAS7f<��iTdo[~`bg
Z*]kaAS7f�d�S7fPU7VXRTfAVXW�WJZ*gASbi�aAf�Z*iovzd�Sbj�x_d�S7f
{�iTSbjkj^S7f<]kj^fDR|r�ZXUAqTpbgASbR!g�Y�jkiTf
d�SP��]kjkj^SbgAf�sTd�Sb}~SbR!iTf�gcaAVXY�U
qTSbaAf�Y�VXi�a�Sbion3��U7VXR�gca
Z*]kR�gAS7fD��iTdo[~`bg
Z*]kaAS7fNd�S7fMY�ZXfAf
Z*[~SbaAf ��l
¡ ¢¤£P¥�¦�§A¨A©tª�«t¨A£�¬¥�®¯§Aª°¥�®(±²ª�¬�¥h®³¥�®�©µ´m£�¬h©t£�±¶±²ª�«t®�·h¸�©¹©�·h¸@·�¬�®¯¥h®�©�º

«�¨A¬hªM«t¨A£�¬»¥h£�¬�¬�¦�®½¼\¾�¿XÀÂÁPÃMÄ7Å�Æ*ÇoÈ
É R�U7VXRTfc]^d�pbaAS�i�RTSed�S7fcgc]kR�Z*gc]^VXRÊd�S7fAf
Sbac}!]^SJY�Z*a�d�SbionËU7VXW�Y�Z*[\R�]^S7f�ZX`bac]^SbR�RTS7f�d�VXR!g�j^S7fhY�ac]�nËd�S7f

��]kjkj^SbgAf�fci�a�U7SbgcgAS�d�S7fcgc]kR�Z*gc]^VXRÌfAVXR!g
p1
Sbg

p2
l���Z�d�SbWJZ*RTd�S�gAVXg
Z*j^S�SbR���]kjkj^SbgAfNS7fcg�d�S

d > 0
l

É R@f
VXi�q�Z*]kgAS�d�`bgASbacW�]kRTSba_j^S7feRTVXW���aAS7f�d�SÌ��]kjkj^SbgAf
x1
Sbg

x2
ZXUAqTSbgA`7f�Y�Z*aej^S7f_U7VXRTfAVXW�WJZ*gASbi�aAf�SbR

fci�Y�Y�V\f
Z*R�g�{!iTS�j�Z�fcgca
Z*gA`b[\]^SO[\j^VX��Z*j^S3d�S7f�U7VXRTfAVXW�WJZ*gASbi�aAf�}!]^f
SOx�aA`7doi�]kaAS3j�ZËd�`bY�SbRTfASOgAVXg
Z*j^S3d�S
j�r�ZXUAq�Z*gDd�S7fM��]kjkj^SbgAf�lT�|S�Y�aAVX��j^pbW�Shx�aA`7fAVXiTdoaAS�S7fAg�d�VXRTUPj^S�fci�]k}\Z*R�g|Í

(P ) min
x1>0
x2>0

x1+x2=d

x1p1 + x2p2

Î lNÏ�Ð ÑbÒXÓ�ÔXÕAÖ<×XÕcØ Ù�Ú�Û�ÜbÓTÖ�ÝJÖ�Þ�ß�à^ÖHÙtÕcÒ�á�à^â�ÝJÖ
(P )

ÖbÞ&Ô\Û�Ñbß�ÛãÞ!×\ÓoØXÞtß
3 ä Ø*Ñ7åHæwç,è�é<ÙoÒ\ÛãÞ�ßëêì lNÏ�Ð ÑbÒXÓ�ÔXÕAÖhàkÖMÙtÕcÒ�á�à^â�ÝJÖ

(P ) í àAî ØXÛ�Ô�Ö�Ô�Ö Ñ�ßzÖ ä Ú�ÞTÛ�ÜbÓTÖ Ñ�àkØ�×XÕcØXÞ!×XÛ�Ö�ÞTÞ�Ö�Ñ7å�æwï,è�éPÙoÒXÛðÞ�ßëêñ leòTÕcØ ä Ö�ÕPàkØMó7ÒXÞ ä ß�Û�ÒXÞ x2(p2)
Ö�Þ ä ÒXÞ�Ñ�Û�Ô�ÐbÕwØXÞtß p1 ä ÒXÝ�Ý�Ö�ÙoØXÕcØXÝJâbß�ÕAÖ�Ô�Ö<àkØMó7ÒXÞ ä ß�Û�ÒXÞ�å(æwç,è�é<ÙoÒXÛðÞ�ßëê

ô õµª�§A´ö·�§O¥h®�©³÷�¸�¨wø½£M÷h«t¨
±²ª�·�øù¥h®ú§Aª�¬h£�·hû�®�§A§A®²´m£�±ü÷�ª�ý�¬�¨A®þª�¦�¸�¨A®�¬�¬h®
©t£�·�©ÿ´ö£�¬N«�¸�ª�¨A¬N«t® §
£�ý�¨A©T«t¨ � ·h®�¼��²ÁPÃ�Ä7Å�Æ*ÇoÈ
É RhRTVXgAS

(p1, . . . ,pn)
j^S7föY�ac]�n�d�S7fm��]kjkj^SbgAf�d�S5j�ZMY�aASbW�]^pbaAS�U7VXW�Y�Z*[\R�]^S�fci�amU
q�ZX{�iTSHd�S7fcgc]kR�Z*gc]^VXR|l É R

fci�Y�Y�V\fAS={!iTS=U7S7f�Y�ac]�n�fAVXR�g���no`7fmSbgöfcgcac]^UbgASbW�SbR!göY�V\fc]kgc]���f�l É R�fAVXi�q�Z*]kgAS5d�`bgASbacW�]kRTSbamj^S7föY�ac]�n�VXY�gc]kWJZ*ion
(x1, . . . ,xn)

d�S7f���]kjkj^SbgAf�d�SPj�Z�RTVXi�}~Sbjkj^S�U7VXW�Y�Z*[\R�]^S�ZX`bac]^SbR�RTS�fci�a�U7S7f�W��bW�S7f�d�S7fcgc]kR�Z*gc]^VXRTf�l

Î



Î l��(R�aA`�Z*jk]kgA`\stj�Z�d�SbWJZ*RTd�S�d�S7f�U7VXRTfAVXW�WJZ*gASbi�aAf<SbR���]kjkj^SbgAfDd�S�j�Z�RTVXi�}~Sbjkj^ShU7VXW�Y�Z*[\R�]^S�ZX`bac]^SbR�RTS
fAi�aPi�RTS�d�S7fcgc]kR�Z*gc]^VXREd�VXR�RT`7S\s|U�Z*j^Ubi�j^`7SedTZ*RTfPj�Z�Y�Z*acgc]^S Î s�S7fcg�U7VXR!gc]kR�iTSJSbg�d�`��TR�]^S�Y�VXi�aPgAVXi�g
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