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X1YKZ�[�\^]K_`Yba�\5cPdfegZheji�[kej\lY;mknDoqpPrtsBu6pKvxwKy	sBz{y#n}|kvt~;pKy#n}p7�tpK�UrTz}�Ku6p�pPrUpK�5�Kz}��p7wKy	sBz{yb�5pKn�sBylz{��pKu6pKvWy.�Uz����
�Kz{n}p����U�hu6|kz{v`�bpKvh�tylz{n{z}�	sBv�y#n}p���y5p��	�tvtz}���`p��#n�sB~��	sBvt~�z}pKvtv`p������tp��lz{u��tn}p��#��|kv`�lz}�twK�	sBylz}|kv`�b~�w�|ku6wKyl�lz}�W�`p��
�JpK�lu6pKyly5pKvWy�pKv%pP��pKy��tp��5w��	|k�`�U�5p�yl�5������sk�Kz{n}pKu6pKvWy�n}p����t�5|k�tn}�Ku6p����J|��5w���u�sBz}����p;v-oqwKy	sBz{y���sk��n}p��t�ty
�tp���pKy!pPrtsBu6pKv��P�T���`�	�lzD��n}p1��sB�5�Ku6p�s�wKy5w�u6|W�Uz���w�sH�`vx�W�`p1n}p7y5|ky	sBn+�5|kz{y��tp��� ��+|kz{v�y5�¡�T¢-p���£¡ ��+|kz{v�y5�
�l�t�t�tn}wKu6pKv�y	sBz{�5p��*|kv�y�wKy5w�p��	�5pKv�ylz}pKn{n}pKu6pKvWy;�5wK��sB�lylz}���l�t��n}p����W�`p��lylz}|kv`���W�`p*n}p���wKn}�K��p���|kv�y�yl�	sBz{y5w6pKv
u�sH¤^|k�lz{y5w��
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Î pKy�pPrtpK�5�Kz}��p���u�z}�5p"Ï$��sB�ly�n�sÐ�W�`p��lylz}|kvÑ�U��p��lyhn�s$�5wK�tn{z}�W�`p"�tpRnDoqpPrUpK�5�Kz}��p¨£N�U�ÓÒ7Ô�Õ¨s���p��"�tp��

��|kv�yl�	sBz{vWy5p����Uz���wK�5pKv�y5p��Ö�
× |kz}pKvWy

h1 :
R

2 −→ R

(x, y) 7−→ y(x− 1) + x

pKy
h2 :

R
2 −→ R

(x, y) 7−→ −y(1 + x) − x

�

Ø�ÙÚØ Û$ÜbÝ�ÞHß�àDá®âãØ¯äPåçæ#èJélê�ë5ìHí
î ¢�s����5|kv�ylz}�K�5p h1(x, y) = 0

p��ly¡�J��oïsB�t�5����n}p¼�¡sBn}�K�tn#�l�tz{��sBv�y¡�J�tv`p¼yl�	sBv`�ln�sBylz}|kv¨�tp;��p��Ky5pK�t�
(1, 0)�l�tz{�Tz}p;��o �tv`ph�lðTu6wKyl�lz}p���sB���	sB�t�+|k�ly�Ï6nDoïsHrUp*�tp���sB�`�	�Kz}�5�5p��t�tz}����o �tv`p*yl�	sBv`�ln�sBylz}|kv¾�tp;��p��Ky5pK�t�

(0,−1)
�tp�nDo �WðW�+pK�l�+|kn}p���oqw�����sBylz}|kv

y = f(x)
m

h1(x, y) = 0 ⇐⇒ y =
x

1 − x
(x 6= 1)

⇐⇒ y =
x− 1 + 1

1 − x

⇐⇒ y = −1 +
1

1 − x

⇐⇒ y = −1 − f(x− 1)

î Ô�p7u6ñKu6p���n�s��j�5|kvWylz}�K�5p h2(x, y) = 0
p��ly#�tv`p7yl�	sBv`�5n�sBylz}|kvx�tp���p��Ky5pK�t�

(−1,−1)
�tp7nDo �WðW�+pK�l�+|kn}p

��oqw��W��sBylz}|kv
y = f(x)

m

h2(x, y) = 0 ⇐⇒ y = − x

1 + x
(x 6= −1)

⇐⇒ y = −x+ 1 − 1

1 + x

⇐⇒ y = −1 +
1

1 + x

⇐⇒ y = −1 + f(x+ 1)
ò|k�t�4z}�tpKv�ylz���pK�%n}p��"�+|kz{v�y5�$�tp

Ω
�7|kvó�+pK�ty"�5pKu�sB�5�W�`pK�%�W�`p¾n}p¾�J|kz{vWy

(0, 1)
��wK�lz���p¿Ï@n�sô��|kz}�

h1(0, 1) = −1 6 0
pKy
h2(0, 1) = −1 6 0

�t|kv`�
(0, 1) ∈ Ω

�
¢-p��.yl�	sBv`�^��|k�lu�sBylz}|kv`�!~�w�|ku6wKyl�lz}���`p����W�tz��+pK�lu6pKyly5pKv�y7��oq|k�ty5pKvtz{�.n}p��t|ku�sBz{v`p

Ω
�5|kvWy��5pK�t�5w��5pKvWy5w�p��

�l�t�1n�s¼�`~��t�5p��5�tz{�ksBvWy5p��

£
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y =
1

x + 1
− 1
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Ω
{

h1(x, y) 6 0
h2(x, y) 6 0

�������®£ î Ò-�	sBv`�l��|k�lu�sBylz}|kv`��~�w�|ku6wKyl�lz}���`p����+pK�lu6pKyly	sBv�y���oq|k�ty5pKvtz{��n}p��t|ku�sBz{v`p Ω
�

Ø�Ù�� Û$ÜbÝ�ÞHß�àDá®â���ä	�¿æ#èJélê�ë5ìHí

������
 ����������������� �!��"#�%$&�'�)(+*��-,/.��10+.%243#�5�6�)07�8��9!9!�-:7;-�1�<�

(0, 0) =?>1@�A&BDC+EGF
¢-p¨�IHkv`pÀsk�Uu�z}�	�lz{�tn}p¨pKv

(0, 0)
p��lyNn}p¨�IHkv`p¨pKvt~�pKv`�U�5w¨��sB�"n}p��N��p��Ky5pK�t�5�$�Uz{�5p��Ky5pK�t�5�@��|k�ón}pK�t�5�

|k�t�J|��	w��!�5z�|kvN���tz{yly5p�n}p��t|ku�sBz{v`p�n}|k�5�5�W�`p
x
sB�t~�u6pKvWy5pÖ��sB�Ur6y	sBvt~�pKv�y5p���sB�Ur���|kv`�Kylz}|kv`�!�5pK�t�5w��5pKv�y	sBvWy

n�s*���5|kv�ylz}�K�5p;pKv
x = 0

���P�^�T�`~��t�5p¼Õ���m
• ∀ x 6= 1 : y1(x) = −1 − f(x− 1) =⇒ y′1(x) = −f ′(x− 1) =

1

(x− 1)2
=⇒ y′1(0) = 1

• ∀ x 6= −1 : y2(x) = −1 + f(x+ 1) =⇒ y′2(x) = f ′(x+ 1) = − 1

(x+ 1)2
=⇒ y′2(0) = −1

Î |kv`�Kn{�`�lz}|kv m ¢�p��IHkv`p;sk�Uu�z}�5�lz{�tn}p�pKv
(0, 0)

p��5y7n}p��IHkv`p�pKvt~�pKv`�U�5w���sB�1n}p��1��p��Ky5pK�t�5�
(1, 1)

pKy
(−1, 1)

�


������ ����������������� �!��"#�J07.J243#�5�K�)07�8�-9�9!�-:7;-�K�L�
(0, 0)

(7�)�M�)(�(+;���2�� �!��"#�J0��N;-��07�4OP�����!�-"&�
07�6;RQS�L��9��<�6:+;-�107��9T0+�-�'�L2U�!�-"&��9V�)07�8��9!9!�-:7;-��9 =DW8@XA�BRC7EZY?F

[�|k�`�1�tpK��|kv`�7u6|kvWyl�5pK���W�`p6m
î �+|k�t��y5|k�ty.��p��Ky5pK�t� v �`sBv`�bn}p��IHkv`p�sk�Uu�z}�5�lz{�tn}p�pKv (0, 0)

�tp7n�s��`~��t�5p1�t�5w���w��tpKvWy5p��Wz{n�pPrTz}�ly5p1�tv`p
��|kv`�Kylz}|kv

ϕ ∈ C1(R+,R
2)
y5pKn{n}p����`p�m

• ϕ(0) = (0, 0)
• ϕ′(0) = v

• ϕ(t) ∈ Ω
�J|k�t�1y5|k�ty

t > 0
�+pKylz{y

î �+|k�t��y5|k�ty���p��Ky5pK�t� v ÏÐnDoqpPrUy5wK�lz}pK�t���U�Ñ�IHkv`p���z{n�v-oqpPrTz}�ly5pN��sk���tp���|kv`�Kylz}|kv ϕ ∈ C1(R+,R
2)��wK�lz���sBvWy�n}p����h�+|kz{v�y5���t�5w���w��tpKv�y5�¡�
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Ω

C(0,0)(Ω)

���-� ��Õ î ��pK�t�5w��5pKv�y	sBylz}|kv4~��	sB�t�tz}�W�`p;�tp C(0,0)(Ω)

[�|k�`��sBn{n}|kv`���t�5|T��w��tpK��pKv%�tn{�`�5z}pK�t�5��wKy	sB�+p��hm+��oïsB�J|k�5�%n}p����j�5|kvWylz}�K�5p����U�¾�t|ku�sBz{v`p"���¡sk�h£*pKy�Õ��P�
pKv`�l�tz{y5p�nDo z{vWy5wK�lz}pK�t���5yl�lz}�Ky��U�$�t|ku�sBz{v`pN���¡sk�5p;��pKy��W��pKy�pKvU�`v%nDoqpPrTy5wK�lz}pK�t���lyl�lz}�Ky��U�$�t|ku�sBz{v`pN���¡sk���
pKy����P���Únp��ly1z{u��+|k�ly	sBv�y��J|k�t��n�s6��|ku��t�5wK�`pKv`�lz}|kv¾�tp;��|ku���sB�5pK��n}p����Uz��+wK�5pKvWy5���¡sk��sB�%�t|ku�sBz{v`p

Ω
pKy

sB�$�IHkv`p;sk�Uu�z}�5�5z{�tn}p C(0,0)(Ω)
�5pK�t�5w��5pKvWy5w����l�t�7n�sh�`~��t�5p��t�5w���w��tpKv�y5p��

£��
	Ð|kv�yl�5|kv`����oïsB�J|k�5�$���`p
(1, 1)

p��ly7�tv`p��Uz{�5p��Kylz}|kv¾sk�Uu�z}�5�lz{�tn}p��
¢�s¼��|kv`�Kylz}|kv

y1
�twP�`vtz}p�Ï;n�sh�W�`p��lylz}|kvN�t�5w���w��tpKv�y5p;�JpK�lu6pKy1��oq|k�ty5pKvtz{�7n�s¼��|kv`�Kylz}|kv"��sB�	sBu6wKyl�5w�p

ϕ
pKvx�t�5pKv�sBv�y.��|ku�u6p���sB�	sBu6�Kyl�5p

t = x
� Î |ku�u6p

ϕ
�t|kz{y.ñKyl�5p��twK�lz{�ksB�tn}p��l�t�

R
pKy.���`p

y1
v-oqp��ly

vtzJ�twP�`vtz}p�vtz��t�5|kn}|kvt~�p¡sB�tn}p���sB�.��|kv�ylz{vW�tz{y5w�pKv
1
��|kvxv`p1�+pK�ty���sk�.�t�5pKv`�U�5p

ϕ = y1
�l�t�

R\{1} �ò�sB��pPrtpKu��tn}p��`|kv4�+pK�ty7�J|��	pK��m

∀ t ∈ R+ : ϕ(t) =





[
t
t

1 − t

]
�lz

0 6 t 6
1

2
[

t

4t− 1

] �lz{v`|kv

Ô�p�n�s��	|k�ly5p�m




ϕy

(
1

2

)−

= 1 = ϕy

(
1

2

)+

ϕ′
y

(
1

2

)−

= 4 = ϕ′
y

(
1

2

)+
�t|kv`�

ϕ ∈ C1(R+,R
2)
�

Ô�p��tn{�`��m
î ϕ(0) = (0, 0)

î ∀ t ∈
[
0,

1

2

]
: ϕ′(t) =




1
1

(1 − t)2


 �t|kv`�

ϕ′(0) = (1, 1)

î ∀ t ∈
[
0,

1

2

] m





ϕy(t)(ϕx(t) − 1) + ϕx(t) =
t

1 − t
(t− 1) + t =

t(t− 1) + t(1 − t)

1 − t
= 0

−ϕy(t)(1 + ϕx(t)) − ϕx(t) = − t

1 − t
(1 + t) − t = − t(1 + t) + t(1 − t)

1 − t
= − 2t

1 − t
6 0

�t|kv`�
ϕ(t) ∈ Ω

�+|k�t�1y5|k�ty
t
�`sBv`� [

0,
1

2

]

Î |kv`�Kn{�`�5z}|kv m
(1, 1)

p��ly7�tv`p��Uz{�5p��Kylz}|kv%sk�Uu�z}�	�lz{�tn}p�pKv
(0, 0)

�
�



ÕU�
	Ð|kv�yl�5|kv`�����`p
(−1, 1)

p��5y7�tv`p��Uz{�5p��Kylz}|kvÐsk�Uu�z}�5�5z{�tn}p��
Î |ku�u6p¾�t�5w���w��tpKu�u6pKvWy¡�1n�s¿��|kv`�Kylz}|kv

y2
�+pK�lu6pKy4��oq|k�ty5pKvtz{�4n�s¿��|kv`�Kylz}|kvó��sB�	sBu6wKyl�5w�p

ϕ
pKv

�t�5pKv�sBvWy���|ku�u6p7��sB�	sBu6�Kyl�5p
t = −x �¡sB�¡��pKv���sB�ly	sBvWy.�U���+|kz{v�y (0, 0)

��n}p��+|kz{v�y
(x, y2(x))

�5p��ly5p
�`sBv`��n}p��t|ku�sBz{v`p

Ω
�`sBv`��n}p��5pKv`�7�tp��

x
�tw��K�5|kz}�5�	sBv�y5�Ö�t�1�`v4�W�`p

ϕ
�5|kz{y1�tp��Kn�sk�5�5p C1(R+,R

2)
�

|kv"�+pK�ty1�+|��5pK��m

∀ t ∈ R+ : ϕ(t) =





[ −t
t

1 − t

]
�lz

0 6 t 6
1

2
[

−t
4t− 1

] �lz{v`|kv

� v"��wK�lz���p;�tz}pKv4���`p
ϕ
p��ly1�tp;�Kn�sk�5�5p C1(R+,R

2)
�t�tz}�1�W�`p�m

î ϕ(0) = (0, 0)

î ∀ t ∈
[
0,

1

2

]
: ϕ′(t) =




−1
1

(1 − t)2


 �t|kv`�

ϕ′(0) = (−1, 1)

î ∀ t ∈
[
0,

1

2

] m





ϕy(t)(ϕx(t) − 1) + ϕx(t) =
t

1 − t
(−t− 1) − t =

−t(t+ 1) − t(1 − t)

1 − t
= − 2t

1 − t
6 0

−ϕy(t)(1 + ϕx(t)) − ϕx(t) = − t

1 − t
(1 − t) + t =

−t(1 − t) + t(1 − t)

1 − t
= 0

�t|kv`�
ϕ(t) ∈ Ω

�+|k�t�1y5|k�ty
t
�`sBv`� [

0,
1

2

]

Î |kv`�Kn{�`�5z}|kv m
(−1, 1)

p��ly1�tv`p��Uz{�5p��Kylz}|kv¾sk�Uu�z}�5�lz{�tn}p�pKv
(0, 0)

�
�U� × |kz{y��tv"�5w�pKn

a > 1
mUu6|kvWyl�5|kv`���W�`p

(1, a)
p��ly7�tv`p��Uz{�5p��Kylz}|kv%sk�Uu�z}�5�5z{�tn}p�pKv

(0, 0)
�

� �	sB�t�tz}���`pKu6pKvWy¡�`z{n�p��ly1�Kn�sBz{�1�W�`p�n�sh�U�5|kz{y5p;�tp���p��Ky5pK�t���Uz{�5p��Ky5pK�t�
(1, a)

p��ly7�tv4sB�5���tp���|k�t�l�+p
sk�Uu�z}�	�lz{�tn}p��`ò|��5|kv`�;m ∀ t ∈ R+ , ϕ(t) =

[
t

at

] �t��n}|k�5��m
î ϕ ∈ C1(R+,R

2)î ϕ(0) = (0, 0)î ∀ t ∈ R+ : ϕ′(t) = (1, a)
�t|kv`�

ϕ′(0) = (1, a)î ∀ t ∈ R+
m

� ϕy(t)(ϕx(t) − 1) + ϕx(t) 6 0 ⇐⇒ at(t− 1) + t = t(at+ 1 − a) 6 0 ⇐⇒ t 6 1 − 1

a
� −ϕy(t)(1 + ϕx(t)) − ϕx(t) = −at(1 + t) − t = −t(at+ a+ 1) 6 0
�t|kv`�

ϕ(t) ∈ Ω
�+|k�t�1y5|k�ty

t
�`sBv`� ]

0,
1

a

]

Î |kv`�Kn{�`�5z}|kv m
(1, a)

p��ly7�tv`p;�Uz{�5p��Kylz}|kvÐsk�Uu�z}�5�lz{�tn}p;pKv
(0, 0)

�J|k�t�7y5|k�ty
a > 1

�
�`� × |kz{y��tv"�5w�pKn

a > 1
mUu6|kvWyl�5|kv`���W�`p

(−1, a)
p��ly7�tv`p��Uz{�5p��Kylz}|kvÐsk�Uu�z}�5�5z{�tn}p�pKv

(0, 0)
�

� �tpKv�ylz}�W�`p;sB�$�¡sk�1�t�5w���w��tpKv�y¡�
�U� × |kz{y��tvÐ�5w�pKn

a < 1
m`u6|kvWyl�5|kv`����sB����|kvWyl�	sB�J|��5w�ph�W�`p

(1, a)
v-oqp��5y���sk���tv`p¼�Uz{�5p��Kylz}|kvÀsk�Uu�z}�^�

�5z{�tn}p�pKv
(0, 0)

�

× |kz{y��tv`p���|kv`�Kylz}|kv
ϕ ∈ C1(R+,R

2)
y5pKn{n}p��W�`p�m

î ϕ(0) = (0, 0)î ϕ′(0) = (1, a)ÔhoïsB�t�5���7n}p�yl�`w�|k�5�Ku6p;�tp�Ò®s¡ðWn}|k��Ï*nDoq|k�5�U�5p�£��Uz{n-pPrUz}�ly5p��tv"��|kz}�lz{v�sB~�p
ζ > 0

y5pKn-�W�`p�m
∀ t ∈ [0, ζ] , ϕ(t) = ϕ(0) + tϕ′(0) + o(t)

s���p��
lim

t→0+

o(t)

t
= 0

�

�



�	|kz{y�m ∀ t ∈ V , ϕ(t) = 0 + t

[
1
a

]
+ o(t)

	Ð|kv�yl�5|kv`�����`p
h1(ϕx(t), ϕy(t)) > 0

�+|k�t�1y5|k�ty
t > 0

�+pKylz{y;m

ϕy(t)(ϕx(t) − 1) + ϕx(t) = (at+ oy(t))(t + ox(t) − 1) + t+ ox(t)

= at2 + (1 − a)t+ t(aox(t) + oy(t)) + ox(t) − oy(t) + ox(t)oy(t)

= at2 + (1 − a)t+ õ(t)

Î |ku�u6p
lim

t→0+

õ(t)

t
= 0

m
∀ ε > 0 , ∃ ηε > 0 : 0 < t < ηε =⇒ |o1(t)| < εt�t|kv`��m ∃ η > 0 : 0 < tη1 =⇒ −(1 − a)t < õ(t) < (1 − a)t (1 − a > 0)��oq|��ôm ∀ t ∈ [0,min(ζ, η)] , ϕy(t)(ϕx(t) − 1) + ϕx(t) = at2 + (1 − a)t+ 0̃(t) > at2 > 0��z{v`�lz

ϕ(t) 6∈ Ω
�+|k�t�!y5|k�ty

t > 0
�+pKylz{y¡���lzJ�tz}pKvN���`p

(1, a)
v-oqp��5y.��sk�.�tv`p��Uz{�5p��Kylz}|kv4sk�Uu�z}�5�5z{�tn}p

pKv
(0, 0)

�
�U� × |kz{y��tv"�5w�pKn

a < 1
mUu6|kvWyl�5|kv`���W�`p

(−1, a)
v-oqp��ly7��sk�7�tv`p��Uz{�5p��Kylz}|kv¾sk�Uu�z}�5�lz{�tn}p�pKv

(0, 0)
�

� �tpKv�ylz}�W�`p;sB�$�¡sk�1�t�5w���w��tpKv�y�pKv%��|kv`�lz}�twK�	sBv�y�n�sh��|kv�yl�	sBz{v�y5p
h2
�

Î |kv`�Kn{�`�lz}|kv m C(0,0)(Ω)
p��ly7n}p��IHkv`p�pKvt~�pKv`�U�5w���sB��n}p��7��p��Ky5pK�t�5�

(1, 1)
pKy

(−1, 1)
�


������� ����������������� �!��"#��0+.M243&��� �)0+���-9�9!�-:+;�� �<�
(0, 0)

�<�1.5�!�-;��-9�� �#� ;-���D� ����,/.5� ;-��9 2�"&�#���	� �-�#���L9
9!"&�#�T,/.�� ;-��O+���L9T�L�

(0, 0) =�� @XA�BRC7EZY?F
ò|k�t���twKu6|kv�yl�5pK���W�`p*n}p�����|kvWyl�	sBz{v�y5p��¼�5|kv�y��W��sBn{z���w�p���pKv

(0, 0)
�+�tn{�`�lz}pK�t�5��u6wKyl�`|T�tp����5|kv�y��+|��^�

�lz{�tn}p��"�	sB�U�h��pKn{n}p��"���tz��5pÐ��sk�5pKvWy4�l�t�"�tp��"��|kv�yl�	sBz{v�y5p��%��|kv���pPrtp��"�t�tz}�5�W�`p
h1

pKy
h2

v`p¾�5|kv�y"��sk�
��|kv���pPrtp��¡�

Î sBn}�K�tn}|kv`����oïsB�J|k�5�"n}p��#¤lsk��|k�tz}pKvtv`p����tp
h1
pKy
h2
pKv

(0, 0)
m

î ∀ (x, y) ∈ R
2 :

∂h1

∂(x, y)
(x, y) =

[
y + 1
x− 1

] �t|kv`� ∂h1

∂(x, y)
(0, 0) = (1,−1)

î ∀ (x, y) ∈ R
2 :

∂h2

∂(x, y)
(x, y) =

[
−(y + 1)
−(1 + x)

] �t|kv`� ∂h2

∂(x, y)
(0, 0) = (−1,−1)

��z{v`�5zD�Un}p��7~��	sk�Uz}pKv�y5���tp��1��|kv�yl�	sBz{vWy5p���pKv
(0, 0)

�5|kvWy1z{v`�twK�JpKv`�`sBvWy5���t|kv`��n}p��7��|kvWyl�	sBz{v�y5p����5|kvWy7�5wK~��U�
n{z}�K�5p��¡�`pKy��t|kv`�;����sBn{z���w�p��¡�tpKv

(0, 0)
�

� v4�+pK�ty��Uz{�5p�wK~�sBn}pKu6pKv�y����`p
G(0,0)(Ω)− =

{
v ∈ R

2 : v · ∂hi

∂(x, y)
(0, 0) < 0 , i ∈ A(0, 0)

}
6= ∅ m

A(0, 0) = {1, 2} �¡sB� h1
pKy
h2
�5|kv�y�� sByl�t�5w�p���pKv

(0, 0)
�t|kv`�6m

G(0,0)(Ω)− = {(v1, v2) ∈ R
2 : v1 − v2 < 0

pKy
v1 + v2 > 0}

�#v4��sB�lylz}�K�tn{z}pK�¡��n}p���p��Ky5pK�t�
(0, 1)

p��ly1�tv4wKn}wKu6pKvWy��tp
G(0,0)(Ω)−

�t|kv`�
G(0,0)(Ω)− 6= ∅ �ò#�tz}�	���`p�n}p��1��|kvWyl�	sBz{v�y5p����5|kvWy�����sBn{z���w�p��¼m

C(0,0)(Ω) = G(0,0)(Ω)

=

{
v ∈ R

2 : v · ∂hi

∂(x, y)
(0, 0) 6 0 , i ∈ A(0, 0)

}

= {(v1, v2) ∈ R
2 : v1 − v2 6 0

pKy
v1 + v2 > 0}

���tz®��|k�l�5p��l�J|kv`�4�tz}pKv%sB�4�IHkv`p��5pK�t�5w��5pKvWy5w;�l�t�7n�s*�`~��t�5p¼ÕU�
Î |kv`�Kn{�`�lz}|kv m C(0,0)(Ω)

p��ly7n}p��IHkv`p�pKvt~�pKv`�U�5w���sB��n}p��7��p��Ky5pK�t�5�
(1, 1)

pKy
(−1, 1)

�

�



Ø�Ù�� Û$ÜbÝ�ÞHß�àDá®â���ä��@æ#èJélê�ë5ìHí

����X��
 �T.�� ;-��O+24� �!�-"&� 0��L9V24"&�#���	� ���#����9 �L�

(0, 0) =?>1@�A&BDC+EGF

(y(x− 1) + x)(y(1 + x) + x) 6 0 ⇐⇒





y(x− 1) + x 6 0
pKy
y(1 + x) + x > 0|k�

y(x− 1) + x > 0
pKy
y(1 + x) + x 6 0

⇐⇒





h1(x, y) 6 0
pKy
h2(x, y) 6 0|k�

−h1(x, y) 6 0
pKy − h2(x, y) 6 0

¢-p.�t|ku�sBz{v`p
Σ
p��ly�t|kv`��n�s��5wK�tvtz}|kv*�tp

Ω =
{
(x, y) ∈ R

2 : h1(x, y) 6 0
pKy
h2(x, y) 6 0

} pKy�tp
Ω̃ =

{
(x, y) ∈ R

2 : −h1(x, y) 6 0
pKy − h2(x, y) 6 0

} �W�tzU|kvWy�n}p��®u6ñKu6p�����5|kv�ylz}�K�5p��
h1(x, y) = 0pKy

h2(x, y) = 0
��ò|k�t��z}�tpKvWylz���pK��n}p����J|kz{vWy5���tp

Ω̃
�`|kv%�JpK�ty��5pKu�sB�5���`pK�����`p�n}p��J|kz{vWy

(0,−1)
��wK�lz���p

Ïhn�s¼��|kz}� −h1(0,−1) = −1 6 0
pKy −h2(0,−1) = −1 6 0

�t|kv`�
(0,−1) ∈ Ω̃

�
¢-p��t|ku�sBz{v`p

Σ
pKy1�5|kv4�IHkv`p;sk�Uu�z}�5�lz{�tn}p;pKv

(0, 0)
�5|kv�y��5pK�t�5w��5pKv�y5w����l�t�7n�s*�`~��t�5p��l�tz{��sBv�y5p��

1 2 3 4−1−2−3−4−5

1

2

3

4

−1

−2

−3

−4

−5

ΩC(0,0)(Ω)

Ω̃
C(0,0)(Ω̃)

�������¨� î ��pK�t�5w��5pKv�y	sBylz}|kv ~��	sB�t�tz}�W�`pã�U���t|ku�sBz{v`p
Σ = Ω ∪ Ω̃

pKy �U� �IHkv`p sk�Uu�z}�5�lz{�tn}p
C(0,0)(Σ) = C(0,0)(Ω) ∪ C(0,0)(Ω̃)

¢-p��IHkv`p�sk�Uu�z}�5�lz{�tn}p6pKv
(0, 0)

v-oqp��ly���sk���tv¿�IHkv`p6~�w�|ku6wKyl�lz}���`p����p6�W�tz#yl�	sk�U�tz{y;n}ph�DsBz{y����`p6n}p��
��|kv�yl�	sBz{vWy5p���v`px�	|kv�y*��sk�¼�W��sBn{z���w�p��hpKv

(0, 0)
� �bvôpP��pKy¡�

Σ
p��ly;n�s$�5wK�tvtz}|kv �tpx�tpK�Ur¿pKv`�5pKu¼�tn}p����tp

��|kv�yl�	sBz{vWy5p����W�tzJ�5p��;��|kv`�K�t�l�5pKv`��pKv�y	�6nDo �tv"pKy.nDoïsB�tyl�5p��Uò|k�t�7n}p��t�5|k�t��pK�¡�Uz{n+�l�U�6y��tp��twKu6|kvWyl�5pK�1���`p
G(0,0)(Σ) 6= C(0,0)(Σ)

�
Σ
�¡oqw��K�lz{y {(x, y) ∈ R

2 : −h1(x, y)h2(x, y) 6 0} �t|kv`�6m

G(0,0)(Σ) =

{
v ∈ R

2 :
∂(−h1h2)

∂(x, y)
(0, 0) · v 6 0

}

=

{
v ∈ R

2 :

(
−∂h1

∂x
(0, 0)h2(0, 0) − h1(0, 0)

∂h2

∂x
(0, 0)

)
vx +

(
−∂h1

∂y
(0, 0)h2(0, 0) − h1(0, 0)

∂h2

∂y
(0, 0)

)
vy 6 0

}

=
{
v ∈ R

2 : (−1 × 0 − 0 × (−1))vx + (1 × 0 − 0 × (−1))vy 6 0
}

=
{
v ∈ R

2 : 0 · v 6 0
}

= R
2

� � C(0,0)(Σ) 6= R
2 �t|kv`� C(0,0)(Σ) 6= G(0,0)(Σ)

�
Î |kv`�Kn{�`�lz}|kvôm ¢�s���|kvWyl�	sBz{v�y5p¼v-oqp��ly1��sk�1�W��sBn{z���w�p�pKv

(0, 0)
�

�




����X�� � ��9!"&;�./�!�-"#�%(7�)� 0+.5� ;������ 0+.%(7�'"&:7;��<� �10 QS"�(��!�-�8�-9�� �!�-"&�
(PΣ) =��6@�A&BDC+EZY?F

¢-p�����|kvWyl�	sBz{v�y5p��1v`p��5|kvWy���sk�!�W��sBn{z���w�p��7�l�t�!y5|k�ty�n}p��t|ku�sBz{v`p
Σ
�t|kv`��n}p�yl�`w�|k�5�Ku6p��tp�n�s*�U��sBn{z{y5w

v`p7�¡oïsB�t�tn{z}�W�`p7��sk�b�l�t�
Σ
� �#v��5pK��sBv`�5�`p���z{n`p��5y�sBz}�5w7�tp7�twKu6|kv�yl�5pK�!���`p!n}p��b��|kvWyl�	sBz{v�y5p��!�5|kv�yb�W��sBn{z���w�p��

�l�t�
Σ \ (0, 0)

�
× |kz{y��tv �+|kz{v�y

(x̂, ŷ) ∈ Σ \ (0, 0)
|��Ón�sÐ��|kv�yl�	sBz{vWy5p

h(x, y) = −h1(x, y)h2(x, y)
p��5y�sk�Kylz{��p��

��oqp��ly^�'ÏH�Ú�Uz{�5p
h1(x̂, ŷ) = 0

|k�
h2(x̂, ŷ) = 0

m`�l�t�t�+|��5|kv`�7��sB��pPrUpKu��tn}p¼���`p
h1(x̂, ŷ) = 0

� �'n-�l�U�6y��tp
u6|kv�yl�5pK�����`p�n}p�~��	sk�Uz}pKvWy��tp

h
v`p��¡oïsBvtv��tn}p;���-oqpKv

(0, 0)
m

∂h

∂(x, y)
(x̂, ŷ) =




−∂h1

∂x
(x̂, ŷ)h2(x̂, ŷ) − h1(x̂, ŷ)

∂h2

∂x
(x̂, ŷ)

−∂h1

∂y
(x̂, ŷ)h2(x̂, ŷ) − h1(x̂, ŷ)

∂h2

∂y
(x̂, ŷ)




=




−∂h1

∂x
(x̂, ŷ)h2(x̂, ŷ)

−∂h1

∂y
(x̂, ŷ)h2(x̂, ŷ)




=

[
−(ŷ + 1)h2(x̂, ŷ)
−(x̂− 1)h2(x̂, ŷ)

]

�t|kv`� ∥∥∥∥
∂h

∂(x, y)
(x̂, ŷ)

∥∥∥∥
2

= h2(x̂, ŷ)
2
(
(ŷ + 1)2 + (x̂− 1)2

)
= 0 =⇒





h2(x̂, ŷ) = 0
��pKy

h1(x̂, ŷ) = 0
�

|k�
ŷ = −1

pKy
x̂ = 1¢-p6�tpK�UrUz}�Ku6p6�¡sk���+pK�ty;ñKyl�5p��Uz{�5p��Ky5pKu6pKv�y*wKn{z{u�z{v`w6�¡sB��z{nb��|k�l�5p��l�+|kv`�ÀÏR�tv¨�J|kz{vWy;|��¨n�sN��|kv�yl�	sBz{vWy5p

v-oqp��ly1��sk��sk�Kylz{��p�m
h1(1,−1) = 1 6= 0

pKy
h2(1,−1) = 1 6= 0

�t|kv`�
h(1,−1) 6= 0

�
� ��sBv�y�sB�4�t�5pKu�z}pK���¡sk�¡�Uz{n-v-oqp��5y7��wK�lz���w;�W�-oqpKv

(0, 0)
m

h1(x̂, ŷ) = 0
pKy
h2(x̂, ŷ) = 0 =⇒

{
ŷ(x̂− 1) + x̂ = 0 (1)
ŷ(1 + x̂) + x̂ = 0 (2)

=⇒
{

−2ŷ = 0 ((1) − (2))
ŷ(1 + x̂) + x̂ = 0

=⇒ ŷ = 0
pKy
x̂ = 0

sBz{v`�lz�m
(x̂, ŷ) ∈ Σ \ (0, 0) =⇒ ∂h

∂(x, y)
(x̂, ŷ) 6= 0

Î |kv`�Kn{�`�lz}|kvômUn}p�����|kv�yl�	sBz{v�y5p����5|kvWy1�5wK~��tn{z}�K�5p��¡�`pKy��t|kv`������sBn{z���w�p��Ö�`�l�t�
Σ \ (0, 0)

�
¢-p4yl�`w�|k�5�Ku6p%�tp$n�s¨�U��sBn{z{y5w$�¡oïsB�t�tn{z}�W�`p$�t|kv`�%�l�t�

Σ \ (0, 0)
�5z1�tz}pKv �W�-oq|kvÑ�+pK�ty��5w��5|k�`�U�5p$n}p

�t�5|k�tn}�Ku6p6��oq|k�tylz{u�z}�	sBylz}|kv
(PΣ)

�l�t����pKy�pKv`�5pKu¼�tn}p�� � v¨�tpK�W�	sxpKv`�l�tz{y5p���|ku���sB�5pK��n}p*�+|kz{v�y��5|kn{�tylz}|kv
yl�5|k�t��px���¡o z{n�ðNpKv$sh�tv���sB�4�+|kz{v�y

(0, 0)
n�sBz}�	�5w��tp��IHky5w��

× |kz{y
(x̂, ŷ) ∈ Σ \ (0, 0)

��¢-p�����|kv�yl�	sBz{vWy5p����5|kvWy��W��sBn{z���w�p���pKv
(x̂, ŷ)

�t|kv`�
(x̂, ŷ)

p��ly��5|kn{�tylz}|kv¨�tp
(PΣ)

�lz-pKy1�5pK�tn}pKu6pKv�y��lz
(x̂, ŷ)

p��ly1�5|kn{�tylz}|kv$�tp6m

(Dual) sup
µ>0

inf
(x,y)∈Σ\(0,0)

L(x, y, µ)

£��
��w��5|kn{�tylz}|kv4�tp
inf

(x,y)∈Σ\(0,0)
L(x, y, µ)

L(x, y, µ) = x2 + (y + 1)2 − µh1(x, y)h2(x, y)ÔhoïsB�t�5���7n}p��7��|kv`�Uz{ylz}|kv`����oq|k�tylz{u�sBn{z{y5w��U�"�t�5pKu�z}pK��|k�5�U�5p��	sBv`�7��|kvWyl�	sBz{v�y5p��¡�
(x̂, ŷ)

p��ly7�5|kn{�tylz}|kv

�



�tp
inf

(x,y)∈Σ\(0,0)
L(x, y, µ)

z{u��tn{z}�W�`p ∂L

∂(x, y)
(x̂, ŷ) = 0

m

∂L

∂(x, y)
(x̂, ŷ) = 0 =⇒





2x̂− µ

(
∂h1

∂x
(x̂, ŷ)h2(x̂, ŷ) + h1(x̂, ŷ)

∂h2

∂x
(x̂, ŷ)

)
= 0

2(ŷ + 1) − µ

(
∂h1

∂y
(x̂, ŷ)h2(x̂, ŷ) + h1(x̂, ŷ)

∂h2

∂y
(x̂, ŷ)

)
= 0

=⇒
{

2x̂− µ(−(ŷ + 1)(2x̂ŷ + 2x̂)) = 0
2(ŷ + 1) − µ(−2ŷ(x̂2 − 1) − 2x̂2) = 0

=⇒
{
x̂(1 + µ(ŷ + 1)2) = 0
ŷ + 1 + µ(ŷ(x̂2 − 1) + x̂2) = 0

=⇒
{
x̂ = 0 (1 + µ(ŷ + 1)2 > 1 > 0)
ŷ + 1 − µŷ = 0

=⇒ (x̂, ŷ) =

(
0,

1

µ− 1

) pKy
µ 6= 1

¢�px�+|kz{v�y (
0,

1

µ− 1

) p��lyh�5|kn{�tylz}|kvÑ�lz ∂2L

∂(x, y)2
(x̂, ŷ) = 2

[
1 + µ(ŷ + 1)2 0

0 1 − µ

]
> 0

�
��oqp��5y^�'ÏH�Ú�Uz{�5p��lz

0 6 µ < 1
���¡sB�

µ 6= 1
�P�

ÕU�
��w��5|kn{�tylz}|kv4�tp
inf
µ>0

ψ(µ)
s���p��

ψ :
[0, 1[ −→ R

µ 7−→ inf
(x,y)∈Σ\(0,0)

L(x, y, µ)

∀ µ ∈ [0, 1[ , ψ(µ) = inf
(x,y)∈Σ\(0,0)

L(x, y, µ) = L(x̂(µ), ŷ(µ), µ)

=

(
1

µ− 1
+ 1

)2

+ µ

(
− 1

(µ− 1)2

)

=
µ2 − µ

(µ− 1)2

=
µ

µ− 1Î sBn}�K�tn}|kv`��n}p��7��sB�lz�sBylz}|kv`���tp
ψ
sH�`v%�tp�yl�5|k�t��pK���5|kv"u�sHrUz{u;�tu�m

∀ µ ∈ [0, 1[ , ψ′(µ) = − 1

(µ− 1)2
< 0

ψ
p��lyÐ�t|kv`�¿�tw��K�5|kz}�5�	sBvWy5p �l�t�

[0, 1[
�t|kv`�@pKn{n}pôsByly5pKz{vWyÐ�	|kv u�sHrUz{u;�tu pKv

µ = 0
����z{v`�lzD�

(x̂(0), ŷ(0)) = (0,−1)
�b��px�W�tz7wKy	sBz{y�wK�Wz}�tpKvWy*~��	sB�t�tz}�W�`pKu6pKv�y��t�tz}�5���`pRn�s4��|kv`�Kylz}|kvçÏ$u�z{vtz��

u�z}�	pK��p��ly1��|kv`�ly	sBvWy5p;�l�t���tp�����pK�5�Kn}p����tp���pKvWyl�5p
(0,−1)

���lz{yl�`w;�`sBv`�1n}p��t|ku�sBz{v`p
Σ
�tpKy����-oqpKn{n}p

sB�t~�u6pKvWy5p¼sB�"���t�1pKy�Ïhu6p��l�t�5p��W�-oq|kv$�¡oqwKn}|kz{~�v`p;�tp���p���pKv�yl�5p��
�'n��5p��ly5p�Ïh��|ku���sB�5pK��n�sh�ksBn}pK�t�1�U�%�K�lz{y5�K�5p�pKv

(0, 0)
Ï*n�s��5|kn{�tylz}|kv$�¡sBn}�K�tn}w�p;�l�t�

Σ \ (0, 0)
�

¢�p4�K�lz{y5�K�5p$pKv
(0, 0)

��sB�ty
1
sBn}|k�5�x���-o z{n��ksB�ty

0
pKv

(0,−1)
�t|kv`�"n}p"�+|kz{v�y

(0, 0)
v-oqp��ly6��sk�

�	|kn{�tylz}|kv$�U�"�t�5|k�tn}�Ku6p;��oq|k�tylz{u�z}�	sBylz}|kv
(PΣ)

�
Î |kv`�Kn{�`�5z}|kv¿m ¢�s��5|kn{�tylz}|kv$�U�"�t�5|k�tn}�Ku6p¼��oq|k�tylz{u�z}�	sBylz}|kv

(PΣ)
p��ly1n}p��+|kz{v�y

(0,−1)
�

�



� ¦¨§�©�ª+«¬5«®©���°h¸��;·�¬��Ã¬5½�´�·J¬5¸1¹��1Á#¸��ÃÁ·�ª+¬5²�³¼©#½ ÂTÄ
	�Æ�È7É�Ê�ËHÌUÍ
��ÙÚØ ������tÜ��
�bÝ�������à���Ý�����Ü�â ß���à���â����DÝ$Ý�â �^á�â!�Tß�àDá®â �bÝ��UÝ�Þ"�Uáá#�$�bá�â.â�%`Ý�ÞÓäPåôæ#è+élê!ë	ìÖí

¢boïsBz{�5p$�U�Ñyl�lz�sBvt~�n}p
M1M2M3

p��ly6wK~�sBn}pÐÏÐn�s¾u6|kz{ylz}w$�tp"nDoïsBz{�5p$�U�Ñ��sB�	sBn{n}wKn}|k~��	sBu�u6p%��|k�lu6w$Ï
��sB�lylz{���tp��7�+|kz{v�y5�

M1
�
M2

pKy
M3

����z{v`�lzbm

A(M1M2M3) =
1

2

∥∥∥
−−−−→
M1M2 ∧

−−−−→
M1M3

∥∥∥

=
1

2

∥∥∥∥∥∥



x2 − x1

y2 − y1

0


 ∧



x3 − x1

y3 − y1

0




∥∥∥∥∥∥

=
1

2

∥∥∥∥∥∥




0
0

(x2 − x1)(y3 − y1) − (y2 − y1)(x3 − x1)




∥∥∥∥∥∥

=
1

2
|(x2 − x1)(y3 − y1) − (y2 − y1)(x3 − x1)|

=
1

2
|x2y3 − x2y1 − x1y3 − y2x3 + y2x1 + y1x3|

¢boqpPrU�t�5p��5�lz}|kvÑ�t�5w���w��tpKvWy5p$p��ly��tz}pKvÑ�lðTu6wKyl�lz}�W�`p"pKv
(x1, y1)

�
(x2, y2)

pKy
(x3, y3)

�#��oqp��ly^�'ÏH�Ú�Uz{�5p$���`p
y5|k�ty5p��+pK�lu;�ty	sBylz}|kvÐ�tp���p����h��p��Ky5pK�t�5�1�	sBu6�Kv`p¼Ïhn�s*u6ñKu6p;sBz{�5p��

��Ù�� &�%tß�Ý'�)(Çà'â��Jß�àDá�â ��Ý*�+�}Ý�â�ÞBÝ,(.-��DÝ*�bÝ�ÞRß���à��+â!�#�DÝ�Þ"������à���Ý*(/�10bà�(2���DÝÀà'â!�3�'Ü�Þ4����â�Þ
Ü�â5�.àÚÞ76�ÜbÝ8�bÝ8�9�3:®á�â

r
ä<;Àæ#è+élê!ë	ìÖí

¢-p��t�5|k�tn}�Ku6p¼��oq|k�tylz{u�z}�	sBylz}|kv%�Öoqw��K�lz{y;m

max
x2
1
+y2

1
6r2

x2
2
+y2

2
6r2

x2
3+y2

36r2

1

2
|x2y3 − x2y1 − x1y3 − y2x3 + y2x1 + y1x3|

� �n}p.�K�lz{y5�K�5p7Ï�u�sHrTz{u�z}�	pK�®v-oqp��ly���sk���Uz���wK�5pKv�ylz�sB�tn}p7�l�t�
R

6 �t�tz}�5�W�`p!n�s7��|kv`�Kylz}|kv>=P�ksBn}pK�t�bsB�`�5|kn{�`p9=v-oqp��ly���sk�.�twK�lz{�ksB�tn}p�pKv
0
� Î pK�+pKv`�`sBv�y¡�Wz{n`v-oqp��lyb��sk���5p��lyl�lz}�Kylz����tp1�l�t�t�+|��5pK���W�`p7n}p7yl�lz�sBvt~�n}p

M1M2M3p��ly@?�eg\5YBADC��T��oqp��ly^�'ÏH�Ú�Uz{�5p��twP�`vtzJ�`sBv`��n}p��5pKv`�byl�lz{~�|kv`|ku6wKyl�lz}�W�`p��Uz{�5p��Ky¡����p��W�tz��lz{~�vtz���p����`p1n�s�yl�5|kz}�lz}�Ku6p
��|ku��J|�� sBv�y5p��tp −−−−→

M1M2 ∧
−−−−→
M1M3

p��ly��+|��lz{ylz{��p��TÔ�p��tn{�`�¡��z{n+p��ly!wK�Wz}�tpKvWy!�W�`p1n�s¼�5|kn{�tylz}|kvN�U���t�5|k�tn}�Ku6p
��|k�l�5p��l�+|kv`�$Ï¼�tv`p�sBz{�5p�v`|kvRvW�tn{n}p��t�tz}�5�W�`p��U��sB�7pPrUpKu��tn}p��tn}p���yl�lz�sBvt~�n}p��1�5p��Ky	sBvt~�n}p��1z{v`�5�K�lz{y5�7�`sBv`���tv
��pK�5�Kn}p6�tph�	s�ð�|kv

r
���t|kv�y��tvÀ�IHky5w�p��5y�n}p��Uz�sBu6�Kyl�5p��U�À��pK�5�Kn}pÖ��v`p��5|kv�y���sk���tn�sBy5���t|kv`�6z{n}��|kv�y��tv`p

sBz{�5p�v`|kv4vW�tn{n}p��
¢-p��t�5|k�tn}�Ku6p¼��oq|k�tylz{u�z}�	sBylz}|kv$�t�5w���w��tpKvWy��5p��	sBu6�Kv`p¼�t|kv`�;sB�"�t�5|k�tn}�Ku6p;��oq|k�tylz{u�z}�	sBylz}|kvÐ�l�tz{��sBv�y;m

(P ) min
x2
1
+y2

1
6r2

x2
2
+y2

2
6r2

x2
3
+y2

3
6r2

x1y2+x2y3+x3y1>x1y3+x2y1+x3y2

−(x1y2 + x2y3 + x3y1 − x1y3 − x2y1 − x3y2)

¢�sÐ�tpK�lvtz}�K�5pN��|kv�yl�	sBz{vWy5p$�twP�`vtz{yh�tvÓpKv`�5pKu;�tn}p"|k�t��pK�ly��t|kv`���#��oïsB�t�5���hn}pxyl�`w�|k�5�Ku6p"��oq|k�tylz{u�z}�	sH�
ylz}|kv �`sBv`�4�tv pKv`�5pKu;�tn}pô|k�t��pK�ly¡�

(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3)
p��5y$�5|kn{�tylz}|kv �tp

(P )
�5z;pKy4�5pK�tn}pKu6pKv�yÐ�lz

(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3)
��wK�lz���p

x̂1ŷ2 + x̂2ŷ3 + x̂3ŷ1 > x̂1ŷ3 + x̂2ŷ1 + x̂3ŷ2
pKy

(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3)p��ly��5|kn{�tylz}|kv%�U�"�t�5|k�tn}�Ku6p;��oq|k�tylz{u�z}�	sBylz}|kv@m

(P ′) min
x2
1+y2

16r2

x2
2+y2

26r2

x2
3+y2

36r2

x1y3 + x2y1 + x3y2 − x1y2 − x2y3 − x3y1

E



î � ��sBn{z����¡sBylz}|kv¾�tp��1��|kv�yl�	sBz{vWy5p��
¢-p�����|kv�yl�	sBz{vWy5p����5|kvWy���|kv���pPrtp����¡sB��n}pK�t�1u�sByl�lz}��p��`p��5�lz}pKvtv`p;p��ly [

2 0
0 2

]
> 0

�
Ô�p#�tn{�`�¡�KnDo z{vWy5wK�lz}pK�t�®�U�;�t|ku�sBz{v`p�p��ly-v`|kv��Tz}�tpbpKv��t�5pKv�sBv�y®��sB��pPrUpKu��tn}pbn}p��J|kz{vWy

(0, 0, 0, 0, 0, 0)�¡sB�
02 + 02 < r2

��|kv%�l�t�t�J|��	p�wK�Wz}�tpKu�u6pKvWy��W�`p�n}p���pK�5�Kn}p�p��ly1�tp��	s¡ð�|kv4v`|kv4vW�tng�P�
��z{v`�lzD�t��oïsB�t�5���1n}p�n}pKu�u6p��tp�����sBn{z����¡sBylz}|kv-��n}p�����|kvWyl�	sBz{v�y5p����5|kv�y��W��sBn{z���w�p����5�t�

R
6 �

î Î |kv`�Uz{ylz}|kv%v`w���p��5�	sBz{�5p���oq|k�tylz{u�sBn{z{y5w¼�U�4�t�5pKu�z}pK��|k�5�U�5p× |kz{y
(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3) ∈ R

6 �tv`p��	|kn{�tylz}|kvô�tp (P ′)
�-¢�p��¼��|kvWyl�	sBz{v�y5p����5|kvWy¼�W��sBn{z���w�p��¼pKv

(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3)
�t|kv`��z{n�pPrUz}�ly5p

(µ̂1, µ̂2, µ̂3) ∈ R
3
+

y5pKn}�1�W�`p�m





∂L

∂(x1, y1, x2, y2, x3, y3)
(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3, µ̂1, µ̂2, µ̂3) = 0

µ̂1

(
x̂2

1 + ŷ2
1 − r2

)
= 0

µ̂2

(
x̂2

2 + ŷ2
2 − r2

)
= 0

µ̂3

(
x̂2

3 + ŷ2
3 − r2

)
= 0

=⇒





ŷ3 − ŷ2 + 2µ̂1x̂1 = 0 (1)
x̂2 − x̂3 + 2µ̂1ŷ1 = 0 (2)
ŷ1 − ŷ3 + 2µ̂2x̂2 = 0 (3)
x̂3 − x̂1 + 2µ̂2ŷ2 = 0 (4)
ŷ2 − ŷ1 + 2µ̂3x̂3 = 0 (5)
x̂1 − x̂2 + 2µ̂3ŷ3 = 0 (6)
µ̂1

(
x̂2

1 + ŷ2
1 − r2

)
= 0 (7)

µ̂2

(
x̂2

2 + ŷ2
2 − r2

)
= 0 (8)

µ̂3

(
x̂2

3 + ŷ2
3 − r2

)
= 0 (9)

× �t�t�+|��5|kv`���W�-o �tv �tp����	|ku�u6pKy5���U�@yl�lz�sBvt~�n}p"�	|kz{yh�5yl�lz}�Ky5pKu6pKv�yxÏ%nDo z{v�y5wK�lz}pK�t�6�U�Ñ��pK�5�Kn}p����sB�
pPrtpKu��tn}p

M1
�tÔ�|kv`�

x̂2
1 + ŷ2

1 < r2
pKy��t|kv`���`��oïsB�t�5���

(7)
m
µ̂1 = 0

�
��z{v`�lzD�T��oïsB�t�5���

(1)
pKy

(2)
m
ŷ2 = ŷ3

pKy
x̂2 = x̂3

�W��oqp��5y^�'ÏH�Ú�Uz{�5p
M2 = M3

��p��W�tzJp��5y!z{u��+|��5�lz{�tn}p
�t�tz}�5�W�`p�n}p��!yl�lz�sBvt~�n}p��7�5|kn{�tylz}|kv`��v`p��5|kv�y���sk�!�tn�sBy5������|kv�yl�	sBz{vWy5p

x̂1ŷ2 + x̂2ŷ3 + x̂3ŷ1 > x̂1ŷ3 +
x̂2ŷ1 + x̂3ŷ2

�P�`Ô�|kv`��y5|k�`�1n}p��1�5|ku�u6pKy5���U�4yl�lz�sBvt~�n}p��5|kvWy��l�t�1n}p���pK�5�Kn}p��
ò�sB�¨��|kv`�5w����`pKvWy¡��z{n¼pPrUz}�ly5p

(θ̂1, θ̂2, θ̂3) ∈ [0, 2π[3
y5pKn}�¾�W�`p

(x̂1, ŷ1) = (r cos θ̂1, r sin θ̂1)
�

(x̂2, ŷ2) = (r cos θ̂2, r sin θ̂2)
pKy

(x̂3, ŷ3) = (r cos θ̂3, r sin θ̂3)
�W¢-p��lðU�ly5�Ku6p��t�5w���w��tpKv�y1�tpK�Tz}pKv�y

�t|kv`�6m




sin θ̂3 − sin θ̂2 + 2µ̂1 cos θ̂1 = 0

cos θ̂2 − cos θ̂3 + 2µ̂1 sin θ̂1 = 0

sin θ̂1 − sin θ̂3 + 2µ̂2 cos θ̂2 = 0

cos θ̂3 − cos θ̂1 + 2µ̂2 sin θ̂2 = 0

sin θ̂2 − sin θ̂1 + 2µ̂3 cos θ̂3 = 0

cos θ̂1 − cos θ̂2 + 2µ̂3 sin θ̂3 = 0
¢-p����tpK�UrR�t�5pKu�z}�K�5p���w�����sBylz}|kv`���U�$�lðU�ly5�Ku6p��t�5w���w��tpKv�y��¡oqw��K�lz{��pKv�y*m




2 sin
θ̂3 − θ̂2

2
cos

θ̂3 + θ̂2

2
+ 2µ̂1 cos θ̂1 = 0

−2 sin
θ̂2 − θ̂3

2
sin

θ̂2 + θ̂3

2
+ 2µ̂1 sin θ̂1 = 0

=⇒





sin
θ̂2 − θ̂3

2
cos

θ̂3 + θ̂2

2
= µ̂1 cos θ̂1 (1′)

sin
θ̂2 − θ̂3

2
sin

θ̂2 + θ̂3

2
= µ̂1 sin θ̂1 (2′)

=⇒ sin2 θ̂2 − θ̂3

2
= µ̂2

1 ((1′)2 + (2′)2)

=⇒ sin
θ̂3 − θ̂2

2
= µ̂1

�#v0pP�+pKy¡�
µ̂1 > 0

pKy
0 6 θ̂3 − θ̂2 6 2π

���¡sB�$n}pÀyl�lz�sBvt~�n}p
M1M2M3

p��ly%�Uz{�5p��Ky �4�t|kv`�

sin
θ̂2 − θ̂3

2
6 0

�

£¡ 



¢-p���w�����sBylz}|kv`�
(1′)

pKy
(2′)

�Öoqw��K�lz{��pKv�y��t|kv`��m




−µ̂1 cos
θ̂2 + θ̂3

2
= µ̂1 cos θ̂1

−µ̂1 sin
θ̂2 + θ̂3

2
= µ̂1 sin θ̂1

� �
µ1 6= 0

�¡sB�¡�b�5z{v`|kv-�
M2 = M3

��oïsB�t�5���
(1)

pKy
(2)

��p"���tz�p��5y�z{u��J|��5�5z{�tn}pN�t�tz}�5���`p4n}p��
yl�lz�sBvt~�n}p����5|kn{�tylz}|kv`�1v`p��	|kv�y7��sk�1�tn�sBy5�Ö�t��z{v`�lzbm





− cos
θ̂2 + θ̂3

2
= cos θ̂1

− sin
θ̂2 + θ̂3

2
= sin θ̂1

=⇒ θ̂2 + θ̂3

2
= π + θ̂1 + 2k1π , k1 ∈ Z

ò�sB���lðTu6wKyl�lz}p�pKv�yl�5p
(θ̂1, µ̂1)

�
(θ̂2, µ̂2)

pKy
(θ̂3, µ̂3)

�t|kv$|k�tylz}pKvWy�n}p��lðU�ly5�Ku6p��l�tz{��sBv�y¼m




θ̂2 + θ̂3

2
= π + θ̂1 + 2k1π , k1 ∈ Z

θ̂1 + θ̂3

2
= π + θ̂2 + 2k2π , k2 ∈ Z

θ̂1 + θ̂2

2
= π + θ̂3 + 2k3π , k3 ∈ Z

� �.v`|k�`�.�	s¡��|kv`��~�w�|ku6wKyl�lz}�W�`pKu6pKv�y7�W�`p1n�s��	|kn{�tylz}|kvR�U�x�t�5|k�tn}�Ku6p�p��ly.z{v���sB�lz�sBv�y5p���sB���5|ky	sBylz}|kv
pKy6�t|kv`�4�W�-oqpKn{n}p"v-oqp��ly���sk�6�tvtz}���`p�� Î p��Kz7�+pK�ty��5pR��wK�lz���pK��pKv �¡sBn}�K�tn�sBv�y�n}p"�twKy5pK�lu�z{v�sBvWyx�U�
�lðU�ly5�Ku6p��t�5w���w��tpKvWy¡���W�tz-p��ly7v��tnD���®z�rt|kv`�1�t|kv`����sB��pPrUpKu��tn}p

θ̂1
m





θ̂1 + θ̂3

2
= π + θ̂2 + 2k2π , k2 ∈ Z

θ̂1 + θ̂2

2
= π + θ̂3 + 2k3π , k3 ∈ Z

=⇒





θ̂2 = θ̂1 − 2π

(
1 +

2

3
(2k2 + k3)

)

θ̂3 = θ̂1 − 2π

(
1 +

2

3
(k2 + 2k3)

) , (k2, k3) ∈ Z
2

=⇒





θ̂2 = θ̂1 +
2π

3
k′2 , k

′
2 ∈ Z

θ̂3 = θ̂1 +
2π

3
k′3 , k

′
3 ∈ Z

Î |ku��ty5pP�Dy5pKvW�����`p.n}p��®yl�lz�sBvt~�n}p��#�5|kn{�tylz}|kv`�#�5|kv�yv`|kvh�tn�sBy5��pKy�Uz{�5p��Ky5�¡�B�tvh�lz{u��tn}p!�tp��5�lz{v*�JpK�lu6pKy
�tp�v`p��5pKy5pKvtz{���W�`p�n}p��b�5|kn{�tylz}|kv`�by5pKn{n}p��b���`p

k′2 = 3k′′2 +1
pKy
k′3 = 3k′′3 −1

s���p��
(k′′2 , k

′′
2 ) ∈ Z

2 ��W�tz`��|k�l�5p��l�+|kv`�tpKv�y.Ï��tp���yl�lz�sBvt~�n}p��.w����tz{n�sBy5wK�	sB�Ur���¢�s���|kvWyl�	sBz{v�y5p�|k�t��pK�ly
x̂1ŷ2+ x̂2ŷ3+ x̂3ŷ1 >

x̂1ŷ3 + x̂2ŷ1 + x̂3ŷ2
p��ly���wK�lz���w�p��®�t�tz}�5���-oqpKn{n}p�yl�	sk�U�tz{y¼n}p���sBz{y*���`p�n}p�yl�lz�sBvt~�n}p

M1M2M3
p��ly

�Uz{�5p��Ky¡�

î Î |kv`�Uz{ylz}|kvÐ�l�U���	sBv�y5p;��oq|k�tylz{u�sBn{z{y5w¼�U�4�5p���|kv`�$|k�5�U�5p¢-p��K�lz{y5�K�5p7�U�*�t�5|k�tn}�Ku6p7��oq|k�tylz{u�z}�	sBylz}|kv
(P ′)

v-oqwKy	sBv�y#��sk����|kv���pPrtp��kz{nUv-oqp��ly®��sk���+|��5�lz{�tn}p!��oïsB�U�
�tn{z}�W�`pK�1n�sh��|kv`�Uz{ylz}|kv$�l�U��� sBv�y5p���oq|k�tylz{u�sBn{z{y5w¼�U�"�t�5pKu�z}pK��|k�5�U�5p�� [�|k�`�1�tpK��|kv`�1�t|kv`���¡sBn}�K�tn}pK�
n�shu�sByl�lz}��p��`p��5�lz}pKvtv`p��U�"n�sB~��	sBvt~�z}pKv@m

∂2L

∂(x1, y1, x2, y2, x3, y3)2
(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3, µ̂1, µ̂2, µ̂3) =




2µ̂1 0 0 −1 0 1
0 2µ̂1 1 0 −1 0
0 1 2µ̂2 0 0 −1
−1 0 0 2µ̂2 1 0
0 −1 0 1 2µ̂3 0
1 0 −1 0 0 2µ̂3




£�£



[�|k�`�1�tpK��|kv`���twKu6|kvWyl�5pK���W�`p6m

∀ v ∈ C(x̂1,ŷ1,x̂2,ŷ2,x̂3,ŷ3)(Ω) , vT ∂2L

∂(x1, y1, x2, y2, x3, y3)2
(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3, µ̂1, µ̂2, µ̂3) v > 0

�'nUv-oqp��ly���sk�#wK�Wz}�tpKvWy��tp!yl�	sBv`�^��|k�lu6pK�#nDoqpPrU�t�5p��5�lz}|kvh�t�5w���w��tpKvWy5p�pKv��5|ku�u6p7�tp��¡sB�l�5w��¡� Î sBn}�K�tn}|kv`�
�t|kv`��n}p�����sBn}pK�t�5�.�t�5|k�t�5p��!�U�x�`p��5�lz}pKvR�tp

L
�`sBv`��nDoqp��5�J|kz{�!���-oqpKn{n}p��!�5|kv�y!�+|��lz{ylz{��p��¡�������tz{�5p��Wn}p��

�¡sBn}�K�tn}���`sBv`�7�tv`p���sk�5p��tp���p��Ky5pK�t�5���t�5|k�t�5p����5|kvWy�pKv4~�wKv`wK�	sBn-�tn{�`��sBz}�5w��¡�
��pKu�sB�5���`|kv`����oïsB�J|k�5����sBz{v`�5z-���`p�v`|k�`�1nDoïs���|kv`���twKu6|kvWyl�5w;�tn{�`�1��sB�ty¡�`���`p�m

µ̂1 = µ̂2 = µ̂3 = sin
θ̂3 − θ̂2

2
= sin

θ̂1 − θ̂3

2
= sin

θ̂2 − θ̂1

2
= sin

π

3
=

√
3

2
¢-p��J|kn{ðTv Hku6p��¡sB�	sk�Ky5wK�lz}�lylz}�W�`p;�U�"�`p��5�5z}pKv4p��ly��t|kv`�6m

P (X) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

√
3 −X 0 0 −1 0 1

0
√

3 −X 1 0 −1 0

0 1
√

3 −X 0 0 −1

−1 0 0
√

3 −X 1 0

0 −1 0 1
√

3 −X 0

1 0 −1 0 0
√

3 −X

∣∣∣∣∣∣∣∣∣∣∣∣∣

= (
√

3 −X)

∣∣∣∣∣∣∣∣∣∣

√
3 −X 1 0 −1 0

1
√

3 −X 0 0 −1

0 0
√

3 −X 1 0

−1 0 1
√

3 −X 0

0 −1 0 0
√

3 −X

∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣

0
√

3 −X 1 −1 0

0 1
√

3 −X 0 −1
−1 0 0 1 0

0 −1 0
√

3 −X 0

1 0 −1 0
√

3 −X

∣∣∣∣∣∣∣∣∣∣

−

∣∣∣∣∣∣∣∣∣∣

0
√

3 −X 1 0 −1

0 1
√

3 −X 0 0

−1 0 0
√

3 −X 1

0 −1 0 1
√

3 −X

1 0 −1 0 0

∣∣∣∣∣∣∣∣∣∣

= · · ·
= (

√
3 −X)2

(
(
√

3 −X)4 − 6(
√

3 −X)2 + 9
)

= (
√

3 −X)2
(
(
√

3 −X)2 − 3
)2

= X2(
√

3 −X)2(2
√

3 −X)2

¢-p����ksBn}pK�t�5���t�5|k�t�5p����U�6�`p��	�lz}pKv��tp
L
�	|kv�y.�t|kv`�

0
� √

3
pKy

2
√

3
���tz`�	|kv�y�y5|k�ty5p���n}p��#yl�5|kz}�b�+|��lz��

ylz{��p��¡�Uò�sB�1��|kv`�5w��W�`pKv�y¡�tn�s¼u�sByl�lz}��p��`p��5�lz}pKvtv`p��tp
L
p��ly��J|��5z{ylz{��p��t|kv`��n�s¼��|kv`�Uz{ylz}|kv$�l�U��� sBv�y5p

��oq|k�tylz{u�sBn{z{y5w*p��ly7��wK�lz���w�p��

Î |kv`�Kn{�`�lz}|kvôm ¢�oqpKv`�5pKu;�tn}p*�tp���yl�lz�sBvt~�n}p�����oïsBz{�5p¼u�sHrTz{u�sBn}p¼z{v`�Kn{�`���`sBv`���tvÐ�Uz}�5���`p¼�tp��	s¡ð�|kv r�	|kv�y7n}p��1yl�lz�sBvt~�n}p���w����tz{n�sBy5wK�	sB�Ur"z{v`�5�K�lz{y5���`sBv`�1n}p���pK�5�Kn}p��tp��	s¡ð�|kv
r
�

£¡Õ



��Ù�� &�%tß�Ý'�)(Çà'â��Jß�àDá�â ��Ý*�+�}Ý�â�ÞBÝ,(.-��DÝ*�bÝ�ÞRß���à��+â!�#�DÝ�Þ"������à���Ý*(/�10bà�(2���DÝÀà'â!�3�'Ü�Þ4����â�Þ
Ü�â5� � �9�$% ��Ý8���-ß7%

a
ä��óæ#è+élê!ë	ìÖí

× �t�t�+|��5|kv`�#�W�`p�n}p���pKv�yl�5p��U�*�5pK�+�K�5p�p��ly#�lz{yl�`w7sB����pKv�yl�5p7�U���¡sB�l�5w7pKy#���`p��5p��#sHrtp���	|kv�y#��sB�	sBn{n}�Kn}p��
sB�Ur$�IHky5w����U�Ð�¡sB�l�5w�� × z®v`|k�`���l�t�t�+|��5|kv`����|ku�u6p¼�`sBv`��n}p��t�5|k�tn}�Ku6p*��oq|k�tylz{u�z}�	sBylz}|kvÐ�t�5w���w��tpKv�y����`p
n}p�yl�lz�sBvt~�n}p

M1M2M3
p��ly��Uz{�5p��Ky¡�tn}p��t�5|k�tn}�Ku6p¼��oq|k�tylz{u�z}�	sBylz}|kv%�Öoqw��K�lz{y;m

(P ) min

(x1,y1,x2,y2,x3,y3)∈

»

−
a

2
,
a

2

–6

x1y2+x2y3+x3y1>x1y3+x2y1+x3y2

−(x1y2 + x2y3 + x3y1 − x1y3 − x2y1 − x3y2)

¢�sÐ�tpK�lvtz}�K�5pN��|kv�yl�	sBz{vWy5p$�twP�`vtz{yh�tvÓpKv`�5pKu;�tn}p"|k�t��pK�ly��t|kv`���#��oïsB�t�5���hn}pxyl�`w�|k�5�Ku6p"��oq|k�tylz{u�z}�	sH�
ylz}|kv �`sBv`�4�tv pKv`�5pKu;�tn}pô|k�t��pK�ly¡�

(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3)
p��5y$�5|kn{�tylz}|kv �tp

(P )
�5z;pKy4�5pK�tn}pKu6pKv�yÐ�lz

(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3)
��wK�lz���p

x̂1ŷ2 + x̂2ŷ3 + x̂3ŷ1 > x̂1ŷ3 + x̂2ŷ1 + x̂3ŷ2
pKy

(x̂1, ŷ1, x̂2, ŷ2, x̂3, ŷ3)p��ly��5|kn{�tylz}|kv%�U�"�t�5|k�tn}�Ku6p;��oq|k�tylz{u�z}�	sBylz}|kv@m

(P ′) min

(x1,y1,x2,y2,x3,y3)∈

»

−
a

2
,
a

2

–6
x1y3 + x2y1 + x3y2 − x1y2 − x2y3 − x3y1

î � ��sBn{z����¡sBylz}|kv¾�tp��1��|kv�yl�	sBz{vWy5p��
¢-p�����|kv�yl�	sBz{vWy5p����5|kvWy�sH�6v`p����t|kv`�;pKn{n}p��1�5|kv�y�����sBn{z���w�p����l�t�

R
6 �

î Î |kv`�Uz{ylz}|kv%v`w���p��5�	sBz{�5p���oq|k�tylz{u�sBn{z{y5w¼�U�4�t�5pKu�z}pK��|k�5�U�5p× |kz{y
(x̂, ŷ) ∈ R

6 �tv`pR�	|kn{�tylz}|kv �tp (P ′)
��¢-p��h��|kv�yl�	sBz{v�y5p��x�5|kv�y��W��sBn{z���w�p���pKv

(x̂, ŷ)
�t|kv`�Rz{n

pPrUz}�ly5p
µ̂−
�
µ̂+ � λ̂− pKy

λ̂+ �`sBv`�
R

3
+

y5pKn}�1�W�`p�m





ŷ3 − ŷ2 − µ̂−1 + µ̂+
1 = 0 (1)

x̂2 − x̂3 − λ̂−1 + λ̂+
1 = 0 (2)

ŷ1 − ŷ3 − µ̂−2 + µ̂+
2 = 0 (3)

x̂3 − x̂1 − λ̂−2 + λ̂+
2 = 0 (4)

ŷ2 − ŷ1 − µ̂−3 + µ̂+
3 = 0 (5)

x̂1 − x̂2 − λ̂−3 + λ̂+
3 = 0 (6)

pKy





µ̂−1

(a
2

+ x̂1

)
= 0 (7)

µ̂+
1

(
x̂1 −

a

2

)
= 0 (8)

λ̂−1

(a
2

+ ŷ1

)
= 0 (9)

λ̂+
1

(
ŷ1 −

a

2

)
= 0 (10)

µ̂−2

(a
2

+ x̂2

)
= 0 (11)

µ̂+
2

(
x̂2 −

a

2

)
= 0 (12)

λ̂−2

(a
2

+ ŷ2

)
= 0 (13)

λ̂+
2

(
ŷ2 −

a

2

)
= 0 (14)

µ̂−3

(a
2

+ x̂3

)
= 0 (15)

µ̂+
3

(
x̂3 −

a

2

)
= 0 (16)

λ̂−3

(a
2

+ ŷ3

)
= 0 (17)

λ̂+
3

(
ŷ3 −

a

2

)
= 0 (18)¤5sk��|k�tz}pKvtv`p;�U�4�K�lz{y5�K�5p ��|kvWyl�	sBz{v�y5p��

	Ð|kv�yl�5|kv`����sB����|kv�yl�	sB�+|��5w�p;�W�`p�y5|k�`�1n}p����5|ku�u6pKy5�1�U�4yl�lz�sBvt~�n}p��	|kv�y��l�t�7n}p����IHky5w����U�$�¡sB�l�5w��
× �t�t�+|��5|kv`�®��sB��pPrUpKu��tn}p!�W�`p

M1
v-oqp��ly-��sk���5�t���tv;�IHky5w.�U�¼�¡sB�l�5w��Ö��oqp��5y^�'ÏH�Ú�Uz{�5p��W�`p −a

2
< x̂1 <

a

2

pKy −a
2
< ŷ1 <

a

2

�WÔ*oïsB�t�5���.n}p��!w�����sBylz}|kv`�
(7)
�
(8)
�
(9)

pKy
(10)

m
µ̂−

1 = µ̂+
1 = λ̂−1 = λ̂+

1 = 0
�

Î p"�W�tzD���5pK�J|k�ly5w"�`sBv`�6n}p���w�����sBylz}|kv`�
(1)

pKy
(2)
�b�t|kvtv`p

ŷ2 = ŷ3
pKy
x̂2 = x̂3

����oqp��ly^�'ÏH�Ú�Uz{�5p

£¡�



M2 = M3
� � ��n}p���yl�lz�sBvt~�n}p����5|kn{�tylz}|kv`��v-oqwKy	sBvWy���sk���tn�sBy5�h����|kv�yl�	sBz{v�y5p

x̂1ŷ2 + x̂2ŷ3 + x̂3ŷ1 >

x̂1ŷ3 + x̂2ŷ1 + x̂3ŷ2
�P�
M2 6= M3

�
��z{v`�lzD�Uy5|k�`�1n}p����5|ku�u6pKy5�1�U�4yl�lz�sBvt~�n}p¼�5|kv�y1�l�t��n}p��1�IHky5w��1�U�$�¡sB�l�5w��
ÔhoïsB�tyl�5p7��sB�ly¡��y5|k�ty5p��5|kn{�tylz}|kv��U���t�5|k�tn}�Ku6p�p��ly#z{v���sB�lz�sBv�y5p���sB�b�5|ky	sBylz}|kvx��oïsBvt~�n}p π

2

�t�tz}�	���`p7n}p
�¡sB�l�5w1p��5yn{�tz��Du6ñKu6p1z{v���sB�lz�sBv�y���sB�b��pKyly5p1�5|ky	sBylz}|kv-�4[�|k�`���+|k�t��|kv`�b�t|kv`�1�tw��Kz}�tpK�¡����sB�bpPrUpKu��tn}p��
�W�`p

M1
p��5y1�l�t�1n}p��IHky5w�~�sB�`�	�`p;�U�4�¡sB�l�5w��

���`v¼�tp.�lz{u��tn{z���pK��n}p.�lðT�5y5�Ku6pb��oqw�����sBylz}|kv`��t�5w���w��tpKvWy¡�H�l�t�t�+|��5|kv`��`sBv`�-�tv¼�t�5pKu�z}pK�®y5pKu��`����`p
M1

v-oqp��5y®��sk���l�t�®�tv*�tp����tpK�Ur¼�5|ku�u6pKy5�#�U�h�IHky5w.~�sB�`�5�`p�����z{v`�lzD�¡�+|k�t�
M1

�B�5pK�tn}p�n�s���|kv�yl�	sBz{vWy5p
−a

2
6 x̂1

p��5y�sk�Kylz{��p��lz+�tz}pKv$���`p
µ̂+

1 = λ̂−1 = λ̂+
1 = 0

��oïsB�t�5���1n}p��1w�����sBylz}|kv`�
(8)
�
(9)

pKy
(10)

�
Î p"�W�tzD���5pK�J|k�ly5w"�`sBv`�hn}p���w�����sBylz}|kv`�

(1)
pKy

(2)
�b�t|kvtv`p

x̂2 = x̂3
pKy
µ̂−1 = ŷ3 − ŷ2 > 0

�
� y	sBvWy��t|kvtv`wh���`p¼n}p���yl�lz�sBvt~�n}p����5|kn{�tylz}|kv`��v`p¼�	|kv�y���sk���tn�sBy5�¡��yl�5|kz}���¡sk���5|kvWy��t|kv`�*�+|��5�lz{�tn}p��¡�
�5pK�t�5w��5pKvWy5w����5�t�7n�s¼�`~��t�5p;�l�tz{��sBv�y5p6m

M1

M2

M3

M1

M2

M3

M1 M2

M3

M2
�l�t�7n}p��IHky5w���sk�

M2
�5�t�7n}p��5|ku�u6pKy

M2
�l�t�7n}p��IHky5w��U�5|kz{y

�	sBv`�1ñKyl�5p��l�t�7�tv%�5|ku�u6pKy pKv"��sk��Ï6�U�5|kz{y5p �	sBv`�1ñKyl�5p;�l�t�7�tv4�5|ku�u6pKy
� �-��� � î �h��|kvU�`~��t�	sBylz}|kv`���+|��5�lz{�tn}p��7n}|k�5�	���`p M1

p��ly1�lyl�lz}�Ky5pKu6pKvWy��l�t�7n}p��IHky5w�~�sB�`�5�`p;�U�4�¡sB�l�5w
¢-p����tpK�UrN�¡sk�1�tp��U�5|kz{y5p;|kv�y�pK�UrT�Du6ñKu6p����tpK�Ur"�5|k�`�^�Ú�¡sk�1�	pKn}|kv4���`p

M3
p��ly1�l�t�7n}p��5|ku�u6pKy�pKv

��sB�ty�Ï6�U�5|kz{y5p�|k�4�lyl�lz}�Ky5pKu6pKv�y�ÏhnDo z{v�y5wK�lz}pK�t���U�$�IHky5w��U�5|kz{y¡�
î �¡sk�;£ m M2

p��ly��lyl�lz}�Ky5pKu6pKv�y��l�t�7n}p��IHky5w���sk�1�U�$�¡sB�l�5w
ò|k�t�

M2
�-�5pK�tn}p6n�s"��|kv�yl�	sBz{vWy5p −a

2
6 ŷ2

p��ly;sk�Kylz{��px�t|kv`������oïsB�t�5����n}p��¼w�����sBylz}|kv`�
(11)

pKy
(12)

m
µ̂−2 = µ̂+

2 = 0
� ��pK�+|k�ly5w��`sBv`�1nDoqw��W��sBylz}|kv

(3)
����p��Kz-�t|kvtv`pxm

ŷ1 = ŷ3
�t��p��W�tz-�lz{~�vtz���p

�W�`p
M3

p��lyR�5|kz{yx��|kvU��|kv`�U�ós���p��
M1

î z{u��+|��5�lz{�tn}p$�¡sB�Rn}p��xyl�lz�sBvt~�n}p��x�5|kn{�tylz}|kv`�Rv`p%�5|kv�y��sk�¼�tn�sBy5� î �5|kz{yh�lz{yl�`w��5�t�;n}p��IHky5wR�U�5|kz{yh�U�ô�¡sB�l�5w î z{u��+|��5�lz{�tn}pR�¡sB� x̂3 = x̂2
pKy
M2

p��ly
�5yl�lz}�Ky5pKu6pKv�y��5�t�7n}p��IHky5w���sk���U�4�¡sB�l�5w��`Ô�|kv`����p;�¡sk�1p��ly7z{u��+|��5�lz{�tn}p��

î �¡sk��Õ m M2
p��ly��l�t�7n}p��5|ku�u6pKy�pKv4��sk��Ïh�U�5|kz{y5p��U�$�¡sB�l�5w

Î |ku�u6p
x̂2 = x̂3

�
M3

p��ly#�lz{yl�`w��l�t�#n}p��IHky5w7�U�5|kz{yb�U�6�¡sB�l�5w�� × z
M3

v-oqp��ly#��sk�#�l�t���tv6�5|ku�u6pKy
�U�Ð�¡sB�l�5w����	pK�tn}p;n�s���|kv�yl�	sBz{v�y5p

x̂3 6
a

2

p��ly�sk�Kylz{��pR�j�+|k�t�
M3

�P�J�t|kv`�;��oïsB�t�5����n}p���w��W��sBylz}|kv`�
(17)

pKy
(18)

m
λ̂−3 = λ̂+

3 = 0
� ��pK�+|k�ly5w6�`sBv`�¼nDoqw�����sBylz}|kv

(6)
����p��Kz.�t|kvtv`pÐm

x̂1 = x̂2
����p

�W�tz+p��ly.z{u��+|��5�lz{�tn}p��t�tz}�5�W�`p
M2

p��ly.�lz{yl�`w��lyl�lz}�Ky5pKu6pKvWy7�l�t�.n}p��IHky5w���sk���U�R�¡sB�l�5w�pKy����`p
M1p��5y1�l�t�1n}p��IHky5w�~�sB�`�	�`p;�U�$�¡sB�l�5w���Ô�|kv`�

M3
p��5y7v`w���p��5�	sBz{�5pKu6pKv�y��l�t�7n}p��	|ku�u6pKy�pKv"��sB�ty�Ï

�U�5|kz{y5p;�U�$�¡sB�l�5w��`¢-p���w�����sBylz}|kv`�����tz-�tw���|k�tn}pKvWy��tp���pKyly5p;��|kvU�`~��t�	sBylz}|kv$v`p�u6�Kv`pKvWy�pKv`�l�tz{y5p
Ï�sB�`�K�tv`p¼��|kv�yl�	sk�Uz}�Kylz}|kv-�

î �¡sk��� m M2
p��ly��lyl�lz}�Ky5pKu6pKv�y��l�t�7n}p��IHky5w��U�5|kz{y��U�$�¡sB�l�5w

ò|k�t�
M2

�-�5pK�tn}phn�s"��|kvWyl�	sBz{v�y5p
x̂2 6 −a

2

p��ly;sk�Kylz{��p6�t|kv`������oïsB�t�5���;n}p���w��W��sBylz}|kv`�
(13)

pKy

£ �



(14)
m
λ̂−2 = λ̂+

2 = 0
� ��pK�J|k�ly5wR�`sBv`�*nDoqw�����sBylz}|kv

(4)
����p��Kz7�t|kvtv`pÐm

x̂3 = x̂1
�®��pN�W�tz!p��ly

z{u��+|��5�lz{�tn}p1�t�tz}�5���`p
x̂2 = x̂3

�t|kv`��|kvxsB�t�	sBz{y
x̂2 = x̂1

sBn}|k�5�!�W�`p
M1

p��5y��l�t�bn}p1�IHky5w1~�sB�`�5�`p
�U�4�¡sB�l�5w;pKy

M2
p��5y1�l�t�7n}p��IHky5w��U�5|kz{y��U�$�¡sB�l�5w�� Î p��¡sk�1p��ly1�t|kv`��z{u��+|��5�lz{�tn}p��

��z{v`�lzD�.n}|k�5�5���`p
M1

p��lyN�lyl�lz}�Ky5pKu6pKvWy4�l�t�xn}pÐ�IHky5w%~�sB�`�5�`p¨�U���¡sB�l�5w��.n�sô�5pK�tn}p¾��|kvU�`~��t�	sBylz}|kv
�+|��5�lz{�tn}p"p��ly���pKn{n}p4|��

M2
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�5�t�#n}p��IHky5w7��sB�ty¡�
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M2
�l�t�bn}p1�	|ku�u6pKy�pKv6��sk�.Ï�~�sB�`�5�`p

pKy
M3

�l�t��n}p*�IHky5w��U�5|kz{y¡���	|kz{y
M3

�l�t��n}ph�5|ku�u6pKy�pKv¨��sB�ty;ÏR�U�5|kz{y5p6pKy
M2

�l�t��n}p��IHky5wh��sk�¡�
�5|kvWy.�5|kn{�tylz}|kv`�Ö��Ò�|k�`�.n}p���sB�tyl�5p����¡sk�.�5|kv�y.z{u��J|��	�lz{�tn}p��bpKv6�5pK�t�5pKv�sBvWy.n}p7�	sBz}�	|kvtv`pKu6pKv�y�pP�+p��Kyl�`w
�t�5w���w��tpKu�u6pKvWy;s���p��

M1
�J|k�t���tv%�tp����J|kz{vWy5���5z{yl�`w����lyl�lz}�Ky5pKu6pKvWy�Ï�nDo z{v�y5wK�lz}pK�t����o �tv¾�IHky5w;�U�

�¡sB�l�5w��
ò�sB�7��|kv`�5w����`pKvWy¡��n}p��.yl�lz�sBvt~�n}p��.a���CÚYKi,C�e�YKdgd}YPZ�YPi,Cb�	|kn{�tylz}|kv`�!�	|kv�y���pK�Ur�|��R�tpK�Ur6�+|kz{v�y5���5|kvWy!�l�t�
n}p��1�	|ku�u6pKy5����o �tv4u6ñKu6p��IHky5w;�U�4�¡sB�l�5w�pKy1n}p�yl�5|kz}�lz}�Ku6p;�J|kz{vWy��l�t�7n}p��IHky5w�|k�t�+|��5w��

î Î |kv`�Uz{ylz}|kvÐ�l�U���	sBv�y5p;��oq|k�tylz{u�sBn{z{y5w¢�sÀ��|kv`�Uz{ylz}|kv �l�U���	sBvWy5p4��oq|k�tylz{u�sBn{z{y5w$�U� �5p���|kv`�Ó|k�5�U�5p"v`p"�+pK�lu6pKy6u�sBn{�`pK�t�5pK�`�5pKu6pKvWyx��sk�
�tp���|kv`�Kn{�t�5phÏ*nDoq|k�tylz{u�sBn{z{y5w*�tp����5|kn{�tylz}|kv`���J|ky5pKvWylz}pKn{n}p����t�5w���w��tpKu�u6pKvWy�yl�5|k�t��w�p��Ö� �#v$pP��pKy¡�`n}p
�`p��5�5z}pKv$�tp
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p��ly;��pKv4v`|ky	sBylz}|kv%��p��Ky5|k�lz}pKn{n}pÖ��m

∂2L

∂(x, y)2
(x̂, ŷ, µ̂−, µ̂+, λ̂−, λ̂+) =




0 0 0 −1 0 1
0 0 1 0 −1 0
0 1 0 0 0 −1
−1 0 0 0 1 0
0 −1 0 1 0 0
1 0 −1 0 0 0




Î pKyly5p�u�sByl�lz}��p�p��5y�n�sRu6ñKu6p��W�`phn}p*�`p��5�lz}pKvÀ�U�¨�t�5|k�tn}�Ku6p��t�5w���w��tpKvWy;�	sB�U�����`phn�sR�Uz�sB~�|kv�sBn}p
p��lyNyl�	sBv`�ln�sBy5w�p¾�tp −

√
3
� × p��N��sBn}pK�t�5�R�t�5|k�t�5p��¡�����tz��5|kvWy"�t|kv`�ÐwK~�sBn}pKu6pKvWy"yl�	sBv`�ln�sBy5w�p��4�tp

−
√

3
���	|kv�y −√

3
�
0
pKy √

3
��¢�sRu�sByl�lz}��p��`p��5�lz}pKvtv`p��tp

L
v-oqp��ly��t|kv`����sk���+|��lz{ylz{��p��l�t�

R
6 �

	¾sBn{�`pK�t�5pK�`�5pKu6pKv�y¡��pKn{n}p�v`p�nDoqp��5y!��sk��v`|kvN�tn{�`�7�l�t� Cx̂,ŷ(Ω)
�+|k�t���tv`p��5|kn{�tylz}|kv

(x̂, ŷ)
�t|kvtv`w�p��

Î |kv`�lz}�twK�5|kv`���sB��pPrtpKu��tn}p.n}p#�J|kz{vWy (
−a

2
,−a

2
,
a

2
,−a

2
,
a

2
,
a

2

) �Ö���tzTp��ly-�tv`p��	|kn{�tylz}|kv;�+|ky5pKv�ylz}pKn{n}p
�U�Ó�t�5|k�tn}�Ku6p��#¢-p����	pK�tn}p�����|kv�yl�	sBz{v�y5p��Nsk�Kylz{��p����5|kvWy

(7)
�
(9)
�
(12)

�
(13)

�
(16)

pKy
(18)

��¢-p��
��|kvWyl�	sBz{v�y5p��7wKy	sBv�y��W��sBn{z���w�p��.�l�t�.y5|k�ty�n}p��t|ku�sBz{v`p*���¡sB�!pKn{n}p��.�5|kvWy!sH�6v`p�� �P�Wn}p��IHkv`p�sk�Uu�z}�5�lz{�tn}p
pKv$��p��+|kz{v�y�p��ly�m

{
v ∈ R

6 :
∂hi

∂(x, y)
(x̂, ŷ)v 6 0 , i ∈ A(x̂, ŷ)

}
= {−v1 6 0 , −v2 6 0 , v3 6 0 , −v4 6 0 , v5 6 0 , v6 6 0}

ò#�5pKv`|kv`����sB�1pPrtpKu��tn}p
v = (1, 0, 0, 1, 0, 0)

m

vT ∂2L

∂(x, y)2
(x̂, ŷ, µ̂−, µ̂+, λ̂−, λ̂+)v = −2 < 0
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y5|k�ty�yl�lz�sBvt~�n}p�z{v`�Kn{�`���`sBv`�.n}p��¡sB�l�5w�p��ly.z{vU��wK�lz}pK�t�5p�Ï�nDoïsBz{�5p���o �tvN�tp��.yl�lz�sBvt~�n}p����+|ky5pKv�ylz}pKn{n}pKu6pKvWy
�5|kn{�tylz}|kv-����oqp��ly^�'ÏH�Ú�Uz{�5p a2

2

�

£ �



�'n�p��ly���oïsB�+|k�5�çwK�Tz}�tpKv�yR���-o �tv yl�lz�sBvt~�n}p%�5yl�lz}�Ky5pKu6pKv�yRz{v`�Kn{�`���`sBv`�xn}p4�¡sB�l�5w%s¾�tv`pÐsBz{�5p4�tn{�`�
�+pKylz{y5px�W�-oïsB�¿u6|kz{v`�¼�tv@yl�lz�sBvt~�n}px�t|kvWy¼n}p��*�5|ku�u6pKy5�*�5|kv�y*�l�t�;n}px�¡sB�l�5w�� �'n.�l�U�6y*pKvôpP��pKy*�tp
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n}p��¼�IHky5w��;�U�¿�¡sB�l�5w6p��5y�z{vU��wK�lz}pK�t�5pRÏ a2
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� × |kz{y
M1M2M3

�tv¿y5pKnbyl�lz�sBvt~�n}p$m��tpK�UrÀ��|kvU�`~��t�	sH�
ylz}|kv`���5pK�tn}pKu6pKv�y��5|kvWy��+|��5�lz{�tn}p��*��sB�Ur4�5|ky	sBylz}|kv`����oïsBvt~�n}p π

2

�t�5��� �P���5pK�t�5w��5pKv�y5w�p����l�t��n�sh�`~��t�5p
�l�tz{��sBv�y5p��

M1

M2 M3

M1

M2

M3

������� � î Õ"��|kvU�`~��t�	sBylz}|kv`�*�+|��5�lz{�tn}p�����sB�UrÀ�5|ky	sBylz}|kv`�¼��oïsBvt~�n}p π
2

�t�5���P���J|k�t�¼�tvÀyl�lz�sBvt~�n}p��t|kvWy;n}p��
�5|ku�u6pKy5���	|kv�y��l�t�7n}p����IHky5w����U�4�¡sB�l�5w

ò|k�t���tn{�`���tpN�lz{u��tn{z}�Kz{y5w"�`sBv`�hn}p����¡sBn}�K�tn}����oïsBz{�5p����tn�s���|kv`��nDoq|k�lz{~�z{v`p"�U� �5pK�J�K�5p"sB�Ó�5|ku�u6pKy
z{vU��wK�lz}pK�t�1~�sB�`�5�`p¼�U�$�¡sB�l�5w��
Ô�sBv`�7n}p��t�5pKu�z}pK���¡sk�¡�tnDoïsBz{�5p��U�"yl�lz�sBvt~�n}p¼p��ly�m 1

2
y1(x3 − x2) 6

a2

2Ô�sBv`��n}p��tpK�UrTz}�Ku6p��¡sk�¡�BnDoïsBz{�5p7�U�hyl�lz�sBvt~�n}p7p��ly��t|kvtv`w�p���sB��n�s��t�5pKu�z}�K�5p7�W�`p��lylz}|kv��tp!nDoqpPrUpK�5�Kz}��p�m

A(M1M2M3) =
1

2
(x1y2 + x2y3 + x3y1 − x1y3 − x2y1 − x3y2)

=
1

2
(ax2 + x3y1 − x2y1)

s���p��
0 6 x2, x3, y1 6 a

ò|k�t�
x3
pKy
y1
�trUw��¡�ÖnDoqpPrT�t�5p��	�lz}|kv;�t�5w���w��tpKvWy5p!p��5y��tv`p#��|kv`�Kylz}|kv�sH�6v`p.�tp

x2
�K�5|kz}�5� sBv�y5p.�t�tz}�5���`p

a− y1 > 0
� �#n{n}p*sByly5pKz{v�y��t|kv`���	|kv4u�sHrTz{u¼�tu �+|k�t�

x2 = a
�t��z{v`�lzbm

A(M1M2M3) 6
1

2

[
a2 + y1(x3 − a)

]
6
a2

2

�¡sB�
y1 > 0

pKy
x3 − a 6 0
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